On spaces of any number of dimensions.

(by Prof. Enrico Betti, at Pisa.)

1.

Let z1, 29, ...z, be n variables which can take all real values from —oo to +oo.
The n-fold infinite field of the systems of values of these variables we shall call

a space of n dimensions, and we shall denote it by S,,. A system (29, 29,...,29)

rTn
will determine a point Lg of this space, and 29, 29,...20 will be called the
coordinates of this point.

A system of m equations will determine a field of the systems of values of
n—m independent variables, which will be a space S,,_,, of as many dimensions,
contained in S,,. A space of a single dimension which forms a simple continuity
we shall call a line.

Let:

F(z,22,...,2n) =0 (1)

be the equation of a space S,,_1 of n — 1 dimensions. If the function F' is
continuous and single-valued for all real values of the coordinates, the space
Sn—1 will in general separate S, into two regions, in one of which F' < 0 and in
the other F' > 0; and it will not be possible, by continuous variations, to pass
from the system of values of the coordinates of a point of the first region to the
system of values of the coordinates of a point of the other region without passing
through a system of values which satisfies equation (1). The two regions will be
two spaces of n dimensions bounded by the space S,,_1. If from the system of
values of the coordinates of any point whatever of one of the two regions one can
always pass, by continuous variation, to the system of values of the coordinates
of any other point whatever of the same region without passing through the
values of the coordinates of a point of S,_1, this region will be said to be a
connected space.
Let:
21 = Z1(U1,u27 .. -un—l)v
Z9 = Zz(ul,’UQ, N un_l),

.................. (2)

Zn = Zn(ulau27 .. -un—1)7

be such continuous and single-valued functions that, substituted in equation
(1), they satisfy it identically. The space S,,—1 may be regarded as the field of
the systems of values of the n — 1 real variables: ui, ug,...u,—_1.

It is evident that in S,,_; there will be satisfied the n — 1 equations:

dF da | dF de | dF ds,
dz1 du,,  dzo du,, dzy, di,

which are obtained by taking successively for m the numbers 1,2,...n — 1.



Denoting by A;, As,..., A, any indeterminate quantities whatever, and
putting:

A, dm dm =
! duq dus dnn—1
dZQ ng dZQ
Y dw 4
A= Tt o (4)
A, o din zn
" dU1 dUQ dun,1

we shall obtain from equations (3):!

dF 3 dA

dz, MdA,, (7)

Now let L be a line determined by the equations:
Z1 :ll(t), V) :lg(t),zn :ln(t) (8)

If equation (1), on substituting these values in it, is satisfied only by a finite
number of real values of ¢, the line L will intersect the space T}, _1 only in a finite
number of points. Let Ty be one of these points of intersection, corresponding
to t = tg. We shall have:

Flli(to),la(to),- -, n(te)] = 0.
Let us now consider the two points of L corresponding to:

t =ty + oty
t =ty — dto

Oty being an infinitesimal.
For the first of these values of ¢ the function I’ becomes:

n

dr di,,
5F = (;to ;madito,

dF .
dzpn’

5) and (6) all run over the index m, and p. 142 uses this equation with dr , so it should
dz

read dzpm,. The glyph was magnified and measured against a known m and a known n on the
same page: it is an n. An apparent misprint, reproduced here as printed.

L Editorial note: The left-hand side of the following equation is printed equations (3),




for the second: .

dF di
§F =8ty Y 2.
021: dzp, dt

Recalling equations (7), one obtains:

5F = "2 st
M
D 9)
!
F=_t
5 7 Ot

dl
D being the determinant A in which the quantities —— are substituted for the

A

If we now take the positive sign for the radicals which give u and M, and
fix conveniently the order of the 2, 29,... 2, and traverse the line L making
t increase continuously, it follows from equations (9) that if D > 0, when L
intersects S,,_1 at the point Ty, one goes out of that region in which F < 0 and
enters that in which F > 0; and conversely if D < 0, one goes out of that in
which F > 0 and enters that in which F' < 0.

If we put:

ds? =dz? +dz2 + -+ d22,

and ds,, is the linear element of S,, (in which case Riemann calls the
space Sy, plane), in the space S, the linear element ds,,_; will be given by

the formula:
dsi_l = Z Z FE.s du, dus,

B, = Z Az dzm

du, dug’

and by a known property of determinants we shall have:

where:

By Ei - Eip
FE E e Eo
dA 2 12 22 2,n—1
M? = =) =] ... e e . 10
3 G e O T B
El,nfl E2,n71 o Enfl,nfl
If:
dSn = le ng . dZn
is the element of the space Sy, the element of S,,_1 will be:
dSn_l = Mdul dUQ...dun_l. (11)

Now let:
Fl(uhug,. .. ,un,l) =0



be the equation of a space S, _o contained in S,,_1. If F} is a continuous and
single-valued function, S,,_o will in general separate S,,_1 into two regions, in
one of which F; < 0 and in the other F; > 0. S,_2 may be regarded as the
field of n — 2 real variables, and what we have said for S;,_; may be repeated.
The linear element will always be a homogeneous form of the 2° degree, but the
coeflicients will have a different form, as will also the coefficient M by means of
which the element of the space S,,_o is obtained. Analogous observations hold
for the spaces of a smaller number of dimensions.

2.

We shall say that a space S, _,, of n —m dimensions is linearly connected if,
taking in it any two points whatever, a continuous line can be drawn which,
without going out of S,,_,,, goes from one of these points to the other.

We shall say that a space S,,_1 is closed if it divides .S, into two linearly
connected spaces, in such a way that from a point of one of these no continuous
line can be drawn to any point whatever of the other which does not intersect
Sn—_1. We shall say that a linearly connected space S, _s is closed if it divides a
closed space S,,—1 into two regions each linearly connected and such that from
any point whatever of one of them no continuous line lying wholly in S,,_1 can
be drawn to any point whatever of the other which does not intersect S,,_2: and
SO on.

Considering, instead of a single one, any number whatever of inequalities:

<0, Fy<0,... F,<0

we shall determine a part R of a space Sy which may be linearly connected. The
totality of the spaces of t — 1 dimensions:

Fi=0 Fp=0,... Fo=0

which bounds R in such a way that from any point whatever of R no continuous
line can be drawn to a point outside R which does not intersect some one of
these spaces, will be called the boundary of R.

A space will be said to be finite if the coordinates of all its points have finite
values.

A finite and linearly connected space will either be closed or will have a
boundary.

3.

A finite space has properties independent of the magnitude of its dimensions
and of the form of its elements. These properties, which refer only to the mode
of connection of its parts, were considered by Listing for ordinary spaces in
a Memoir entitled Der Census raumlicher Complexe, and were determined by
Riemann for surfaces.



Besides the linear connection, which alone presents itself in surfaces, I have
observed that in spaces of a number of dimensions greater than two other species
of connection may be considered.

If in a space R of n dimensions bounded by one or more spaces of n — 1
dimensions every closed space of m dimensions, where m < n, is the boundary
of a part of a linearly connected space of m + 1 dimensions lying wholly in R,
we shall have a connection according to m + 1 dimensions, and we shall say that
R has simple the connection of the m™ species. If a

space R has all its connections simple, we shall say that it is simply connected.
If on the contrary one can imagine in R a number p,, of closed spaces of m
dimensions which cannot form the boundary of a linearly connected part of a
space of m + 1 dimensions lying wholly in R, and such that every other closed
space of m dimensions forms, either alone or with a part of them or with all of
them, the boundary of a linearly connected part of a space of m + 1 dimensions
lying wholly in R, we shall say that R has of the (p,, +1)* order the connection
of the m'™" species.

FEzamples. In ordinary space, that comprised between two concentric spheres
has of the 2° order the connection of the 2°4 species, and simple that of the 15
species.

The space comprised by a ring has simple the connection of the 2°? species,
and of the 2° order that of the 1% species.

The space comprised between two rings, one inside the other, has of the
2° order the connection of the 2°¢ species, and of the 3° order that of the 15
species.

The space comprised between a sphere and a ring has of the 2° order both
connections.

To justify the definition we have given of the different species of connec-
tion, it is necessary to show that for every bounded space R the number p,, is
determinate, that is, that however the closed spaces of m dimensions enjoying
the property set forth be drawn, their number is always the same. For this we
shall rest, as Riemann has done in proving the corresponding theorem relating
to surfaces, upon the following lemma:

If a system A together with another system C of closed spaces of m dimen-
sions forms the boundary of a linearly connected space Sy,+1 of m+1 dimensions
contained wholly in R, and if another system B of closed spaces of m dimen-
sions forms together with the system C' the boundary of a linearly connected
space S, | contained wholly in R; the system A with the system B will form
the boundary of a linearly connected space of m~+1 dimensions contained wholly
in R.

In fact the two spaces S,,41 and S}, ,; will lie either on opposite sides or on
the same side of the boundary C. In the first case the space composed of S, 11
and of S}, will have for boundary the system A with the system B; in the
second case, on taking S;, ., away from S, 41, there will remain a space which
will have for boundary the system A with the system B.

If t closed spaces of m dimensions Ay, As,...A: cannot form alone, and
with every other closed space of m dimensions do



form the boundary of a linearly connected space of m~+1 dimensions contained
wholly in R; and if another system of t' closed spaces of m dimensions B,
B, ... By enjoys the same property, then t = t'.

In fact, let us suppose t' > t. If C is any closed space whatever of m di-
mensions, both the system (41, As, ... A, C) and the system (A;, Aa, ... As, By)
will form the boundary of a linearly connected space of m + 1 dimensions con-
tained wholly in R; hence both the system (Asg, As,...A:, C) and the system
(A, As, ... As, By) will form together with A; the boundary of a linearly con-
nected space of m + 1 dimensions contained wholly in R; and consequently,
by the preceding lemma, the system (As, As,...As, C) together with the sys-
tem (As, As, ... Ay, B1), that is the system (By, As, As, ... A;, C), will form the
boundary of a space of m + 1 dimensions contained wholly in R. Thus the
system (Bjy, Aa, As, ... A;) united with any closed space whatever C' forms the
boundary of a linearly connected space of m 4 1 dimensions; and now, contin-
uing, we shall substitute successively one of the spaces B for one of the spaces
A, and we shall have at last that the system (B1, B, ... B;) will form, with any
closed space whatever, and therefore also with By, 1, the boundary of a linearly
connected space of m + 1 dimensions contained wholly in R; and this is in con-
tradiction with what we have supposed if ¢ > t. In the same way it is shown
that ¢ > t’ cannot hold. Therefore ¢t = t’, as we wished to prove.

4.

When we suppose the connection of a bounded space R broken along a space of
a smaller number of dimensions which has its boundary upon the boundary of
R, we say that a transverse section is made in R.

If from a space of m dimensions there is separated an infinitesimal part
having for boundary an infinitesimal space of m — 1 dimensions, we shall say
that a point section is made in it.

If a bounded space R can be reduced to another R’ without making in
it any transverse section and solely by means of continuous enlargements and
diminutions of its parts, we shall say that R can be reduced to R’ by continuous
transformation.

Two bounded spaces R and R’ which can be reduced one to the other by

continuous transformation will have equal the orders of all the species of
connection. Now a point is simply connected; hence every space which by
continuous transformation can be reduced to a point will be simply connected.

A space which has a boundary can always be made to lose one dimension by
continuous transformation.

In fact let R be this space, m the number of its dimensions, C' its boundary,
Sm the space of which it is a part, and let uq, us, us,...u, denote a system
of coordinates in S,,. Let us imagine an m — 1-fold infinite system of lines
occupying continuously the whole of S,,, for example the lines which have for
equations:

Ug = ag, U3 = as, ..., Um—1 = Am—1



where as, as, ..., an_1 take all the values from —oo to +00; and of this system
let us consider only that part which contains the lines that meet the boundary
C of R. Each of these continuous lines, as u; increases, meeting C, will enter R
as many times as it goes out of it; and by continuous transformation each point
of entry can be brought indefinitely near to the next point of exit, and thus R
can be made to lose one dimension, as we wished to prove.

A closed space can always be made to lose one dimension by continuous
transformation, after a point section has been made in it.

In fact, after a point section has been made in it the space acquires a bound-
ary, and hence by the preceding theorem it can always lose one dimension by
continuous transformation.

If in a closed space R of m dimensions a single point section is made, the
orders of its connections are not changed; but if s+ 1 point sections are made
in it, the order of the (m — 1)™ species increases by s units, while the orders of
connection of lower species do not change.

In fact let a + 1 be the order of connection of the (m — 1)t" species of the
closed space R of m dimensions. We shall be able to imagine in R a system A of
« closed spaces of m — 1 dimensions which does not alone form, but which with
every other closed space C' of m — 1 dimensions does form, the boundary of a
part of R. Since R is closed, the system A with C' will divide it into two separate
regions, R’ and R”, both having the same boundary, namely the system A with
C. Now if

we make a point section in R, this will be in one of the two regions; let
us suppose it in R’. Tt is clear that then the system A with C will no longer
form the whole boundary of R’, but will still make the whole boundary of R”.
Therefore the order of connection of the (m — 1) species of R will not be
changed by a single point section. But if we make two point sections in R, we
shall always be able to take C' in such a way that one of these points is in R’
and the other in R”, and then the system A with C' will no longer form the
boundary of a part of R, and it will be necessary to add another closed space of
m — 1 dimensions in order to have the whole boundary of a part of R. Therefore
with two point sections the order of connection of the (m — 1)™ species of R
is increased by one unit. Analogously it is shown that with 3, 4,... s + 1 point
sections this order is increased by 2, 3,... s units.

Now let B + 1 be the order of connection of the (m —t — 1) species of R,
where 0 < t < m; one will be able to imagine in R a system A of closed spaces
of m —t — 1 dimensions which does not alone form the boundary of a space T
of m — t dimensions contained wholly in R. Let the point sections made in R
be as many as one pleases, provided they be finite in number; we shall always
be able, with the given boundary, to draw T in such a way that it does not pass
through any one of these point sections. Therefore any finite number whatever
of point sections does not change the orders of connection of species lower than
the (m — 1)th.

Since the orders of the connections of a closed space R are not changed by
making a single point section in it, in order to determine these orders it will
be indifferent whether R be regarded as closed or as having an infinitesimal



boundary. Therefore a finite space may always be held to be bounded by a
boundary, and hence it can always be made to lose one dimension by continuous
transformation without changing the orders of its connections.

5.

In order to render simply connected, by means of simply connected transverse
sections, a finite space R of n dimensions, it is necessary and sufficient to make
Pn—1 linear sections, pn,—s of two, pn,—3 of three,.. py of n — 1 dimensions, if
p1+ 1, p2+1,...pp_1 + 1 are respectively the orders of its connections of the
1%, 274 (n — 1) species.

In fact, p,_1 + 1 being the order of connection of the (n — 1)*® species of

R, we shall be able to imagine in it a system A of p,,_1 closed spaces of n—1
dimensions which does not alone form the boundary of a part of R, but forms
it with every other closed space of n — 1 dimensions. There will thus be several
bounded regions, each of which will have for boundary the whole or a part of
the system A and a part of the boundary of R; hence, making these regions lose
one dimension by continuous transformation, they will reduce to the system A,
connected along spaces of n — 2 dimensions. Therefore R can be reduced by
continuous transformation to a space R; of n — 1 dimensions formed of p,,_1
closed spaces A of n—1 dimensions connected among themselves along spaces of
n— 2 dimensions; and R; will have the orders of the connections of the (n—2),
(n—3)™ ..., 1% species equal to those of R. Now without changing the orders
of the connections of Ry we shall be able to make in it at most as many point
sections as there are closed spaces of which it is formed, that is p,_;. Let R}
be the space R; in which these point sections are made.

Reducing R} to R by continuous transformation, the point sections acquire
one dimension and become continuous lines, which go from a point of the bound-
ary of R to another point of the same boundary, that is they become linear
transverse sections; and thus the orders of the connections of species lower than
the (n — 1)™ still remain the same. Therefore in R there can be made only a
number p,,_1 of transverse sections which do not change its orders of connection
of species lower than the (n — 1),

Now each of these p,_1 linear transverse sections crosses one of the p,_1
closed spaces A, which at most could be drawn in R in such a way that they did
not alone form the boundary of a portion of R, but formed it when another of
n — 1 dimensions was added to them. Therefore after these transverse sections
have been drawn, each of the spaces A is no longer closed, and hence every
closed space of n — 1 dimensions becomes the boundary of a portion of R, and
the connection of R of the (n — 1)*® species is rendered simple.

Therefore, in order to render simple the connection of the (n — 1)* species
of R by means of simply connected transverse sections without changing the
orders of the connections of lower species, it is necessary and sufficient to make
in it p,_1 linear transverse sections.

The space R} of n—1 dimensions, to which the space R with the p,,_; linear

)th



transverse sections made in it has been reduced by continuous transformation,
having a point section in each of the closed spaces of which it is formed, and
having the order of connection of the (n—2)*™ species equal to p,_2, will be able
by continuous transformation to lose one dimension and to reduce to a space
Ry

formed of p,_s closed spaces of n — 2 dimensions connected along spaces of
n — 3 dimensions. Now without changing the orders of the connections of Ry we
can make in it at most p,,—o point sections. Let us denote by R} the space R in
which these point sections are made. Reducing R to R, the point sections of R}
acquire two dimensions and become spaces of two dimensions which have their
boundary upon the boundary of R, and are simply connected because reducible
to a point by continuous transformation, and hence are transverse sections of
two dimensions. We shall denote by R” the space R in which the transverse
sections of one and of two dimensions are made. The transverse sections of two
dimensions render simple the connection of the (n — 2)'" species. Therefore,
in order to reduce R by means of simply connected transverse sections to a
space R" having simple the connections of the (n — 1)™ and (n — 2)*™® species
without changing the orders of the connections of lower species, it is necessary
and sufficient to make in it p,_; linear transverse sections and p,_s of two
dimensions. And so on for the connections of lower species.

When a finite space R is rendered simply connected by means of simply
connected transverse sections, every closed space of m dimensions drawn in R
forms, with as many closed spaces of m dimensions as there are transverse
sections of n —m dimensions which it meets, the boundary of a space of m + 1
dimensions contained wholly in R.

In fact if p,, + 1 is the order of connection of the m'™ species of R, every
closed space C' of m dimensions will form with a system A of p,, closed spaces of
m dimensions the boundary of a space S of m + 1 dimensions contained wholly
in R. Now each of the spaces A will be intersected by one and by one only of
the transverse sections of n —m dimensions which are among those that render
R simply connected; and hence, since each of these sections has its boundary
upon the boundary of R, if C' forms with s of the spaces A the boundary of S, it
must intersect precisely the s transverse sections which intersect those s closed
spaces of the system A.

For greater clearness let us make some applications to ordinary space.

The space comprised between two concentric spheres is rendered simply con-
nected by means of a single linear transverse section going from a point of the
greater spherical surface to any point whatever of the smaller.

The space comprised by an annular surface is rendered simply connected by
means of a single superficial transverse section made along the meridian of the
surface.

The space comprised between two annular surfaces is rendered simply con-
nected by means of a single linear transverse section going from a point of the
greater annular surface to one of the smaller, and by means of two superficial
transverse sections both drawn through the linear section: one made along the
meridian and one along the equator of the surface.



The space comprised between a sphere and a ring is rendered simply con-
nected by means of a linear transverse section going from the surface of the
sphere to that of the ring, and another, superficial, which, ending at the linear
section, goes likewise from the surface of the ring to that of the sphere.

6.
Let there be given a space R of n dimensions bounded by any number whatever
of closed spaces of n — 1 dimensions: S)_q, ,’1'_1,...57(21, which have for
equations

F, =0, F,=0,... F, =0,
and let R be determined by the inequalities:

F1 <0, Fy<0,... F <0 (1)

Let X3, X5,... X, be n functions of the points of R, finite and continuous;
let us take into consideration the n"t"Pl integral:

Qn:/ aXy +%+-.-+ dXn dzidzy .. .dz,
n dz dzo dz,

extended to the whole space R.
Distinguishing by even indices the values of X, at the points at which the
line Z,., which has for equations:

2y =1, 22=02,... Zr—1=0r_1, Zr41=0ppl,--- Zn =20y (2)

as z, increases, crossing one of the spaces S, _1, enters the space R in which all
the inequalities (1) are satisfied, and distinguishing by odd indices the values of
X, at the points at which the line Z,., crossing one of the spaces S,,_1, goes out
of the space R, we shall have:

dX
/ "z = X0 X4 X — X
n—1 dZT

Q, = Z/ (X? = X!+ X! = X" 4+ Vdzrdzy .. .dzp_1dzpqq ... d2y.
n—1

Now the number of the points at which the line Z, meets each of the closed

spaces S,,_1 is even, and at as many of them as Z,. enters R, at just as many it

goes out. For example the space S/, _; will be met by Z, at the points 0, 211 +1,

215, 2l3 + 1,..., and the part of the integral 2, which refers to the points of

S/ 4 will be:

Q;:/ (X0—x () x (@) x st Yz day .. dze_y dzygy . .. dzy.
n—1

10



Considering S/, _; as the field of the n — 1 real variables: u}, ub,...u], _,, we
shall have:

dA
dzidzo ... dzp_1dzpyy ... dz, = idj duy duly ... dul,_,
T
where the sign + or the sign — is to be taken according as —— is > or is < 0.

dA,

Now from what we have shown in the first paragraph it results that the order

is

of the z1, z9,...2, can always be taken in such a way that the sign of A
T

dFy
equal to that of —=, F; = 0 being the equation of S/,_;.

dz,’

, . dF,

n—1 at which Z, enters R, and P >0 at
(

dFy
dz,
the points at which it goes out. We shall have therefore:

/ XO le dZQ dZT 1 dZT+1 / r dA

dA
/ XD dzydzy .. dze_y dzpyr dz, = / XﬁQllH)H duy duly ... dul,_.
n—1

n—1 T

..du!

n—1

uy du

,_.\
N~

Whence:

dA dA
QO = — XO X(2l1+1)7 . I ro /
/7;71 ( r dA,,, + r dAT + dul du2 dun_l

that is: A
QO =— erT duy duly ... dul,_,

n—1

extended to the whole space S;,_;
An analogous reduction can be made for the other spaces, and one obtains

Z/ Xo d T T 1—2/ Xy duf du . duy_—

But:?2 p p
Z1 Z1
X, = ... =
! du1 d’LLn,1
Sy, 03 _|%s ;lﬁ %
rdA, | T
dzp, dz,
X, - ... -
du1 dun_l

2Editorial note: In the following determinant the last entry of the second row is printed
dug, 1 dz dz Lo
dzg dunl_l and duni it
should read djzil. Magnified, the inversion is solid type and not the show-through that

, inverted with respect to the first and last rows, which read

crosses this page. An apparent misprint, reproduced here as printed.
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Therefore:

dz1 dzy
i dugt) - du'”) 1
X dZQ dZQ
y  —= ...
Q, =— Z/ dugt) duTZLI dugt) dug) ..dug)_1
dz, dzn,
A du(t) . du'’
1 n—1

0

3)

If (29,29,...,2%) is a point of S( ~,, a line passing through this point and

rn

having for equations:

o0 Uip
dz{
dF;

22—23_555

2
o_dFtp

T A

is called the normal to the space S, ® ~1; and since from this we have:
pP= (1 = A+ (2 = 29) 4 (o — 20)%,

p is called the distance of the point (21, 22, . ..
is infinitesimal and equal to dp;, we have:

dZT o dFt l

dpy  dz. p’
But:

dF,  dA 3

dz,  dA. M’
whence:

dz.  dA i

dpt h dAr M

Whence, substituting:

d d dzn
Z/ (Xlzl + X, 2 +~--+Xnd;> M dul® dul ...
t

dpt
But UZS,(Q1 being the element of the space 5'521, we have:

ds® = Mdul? dul? ... aul)

Up—1>

12

zp) from (29,29, ...

zp). I p

du (t)

Up—1-



whence:

=X, Sxasy,
St

dVv
dz’

a2V a2V 42V
Qo= [ (5 +° 2 )d
/(d = + dz2 ot > R

dz2
S I
© dpt Sn-1y

Hence if:
X, =

we shall have:

and therefore if:

v d*v d*v
e =0 4
dz? + dz2 o dz2 )

in the whole space R, we shall have:

(t)
Z/Sm dpt Sy-1 = 0. (%)

If the space R has simple the connection of the (n— 1) species, every closed
space C of n — 1 dimensions drawn in it forms the boundary of a portion of R;
hence if equation (4) is satisfied throughout R, and V and its first derivatives
are finite and continuous there, we shall always have:

1%
dc = 0.
/c dp.

If on the other hand the space R has the connection of species (n — 1) of
order p,_1 + 1, then, p,_; closed spaces Ay, Ag,...A,, , of n —1 dimensions
having been drawn in it, every closed space C contained in R will form with
the system A the boundary of a part of R; and if a1, as,...ap, , are the linear
transverse sections which cross respectively the closed spaces A1, As,... Ay, |
and render simple the connection of the (n — 1)'" species of the space R, C will
form the boundary of a part of R with those spaces of the system which are
crossed by the sections a that C' meets.

Putting therefore:

W g, =,
A, dpy

dVv
dC + M, =0
/c dpe Z

extending the sum to all the values of r which are indices of the transverse
sections met by C'; and we have the following theorem:

we shall have:

13



If the space R has the connection of the (n — 1) species of order p, + 1,
if this connection is rendered simple by linear transverse sections, and C' is a
closed space of n — 1 dimensions contained in R, the integral:

/ v ac
C dpc
will differ from zero by as many moduli of periodicity as there are linear trans-
verse sections which the space C' crosses.
Since two spaces of n —1 dimensions which have one and the same boundary
together form a closed space, we shall have further the following theorem:
Given, in the space R of n dimensions which has the connection of the
(n — 1) species of order p,_1 + 1, a closed space T' of n — 2 dimensions, this
connection having been rendered simple by means of p,_1 linear sections, the
preceding integral extended to a space C' which has T' for boundary and meets
s linear transverse sections will differ from the same integral extended to a
space C' which has the same boundary and meets no section, by the moduli of
periodicity relative to those sections; and hence if the space R has simple the
connection of the (n — 1)™ species the integral estended to any space whatever
C contained in R which has T for boundary will always have the same value.

7.

In a closed space R of n dimensions which has the connection of the 15 species
of order py +1, let s1, s2,...5,, be the p; simply connected transverse sections
of n — 1 dimensions which render simple the connection of the 1% species of R.
Let L, Lo, ... Ly, be p; closed lines which cross respectively the sections si,
S89,...5p, and which are such that every other closed line ! forms, with those
of the lines L which cross the same sections that it crosses, the boundary of a
space C' of two dimensions contained wholly in R.
Let:
z1=2z1(u), 22 =23(u),... 2zn=2zn(u) (1)

be the equations of the line I, and let us take into consideration the integral:

91:2/)@(1%:2/)(,%@

extended to the whole line [, the X, being finite and continuous throughout R.
Now, the line [ forming part of the boundary of C, if the space C' is deter-
mined by the equation:

z1 = z1(v1509), 29 = 29(v1,v2),. .. 2Zn = 2n(v1,09)

we shall have: J J J
Zr Zr Zr
du = d —d
du Y dvq vt dvg 2
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and hence:

dz, dz,
o :/ZXTd—vldvl +/Zer—U2dv2.

Now by what we have shown in the preceding paragraph:

d dz, d dz,
- X, - X, dvi d
// [dvz (Z dm) dvy <Z dv2>] a2
dzy dzy
= /Zxrdvl d’Ul +/ZX7d7’U2 dUQ
where the double integral is extended to the whole space C' and the simple one

to the whole system of lines I, Ly, Lo, ... which form the boundary of C.
But we have:?

d dZT d dzr
// |:d’U2 (Zervl) — Tm (ZXTdUQ)] d’Ul d’UQ

dz, dz,
_ dXr ldvy  dv _ dX, dX,
_//Z = dizi LZ? dvy dvo —Z i dz, dz.
d’l)1 d’l)2

Hence the double integral is null if throughout R the equations:

dX, dX;
dz; dz, (2

are also verified. Therefore the integral

Z/X,, dz,

extended to all the lines I, L1, Lo,... which form the boundary of a space C
is always null, whatever the closed line [ may be, if the X, satisfy (2) and are
finite and continuous in R. From this the following theorem is drawn:

If in a space R of n dimensions, which has the connection of the 15t species
of order p1, s1, S2,...5p, are the simply connected transverse sections of n — 1
dimensions which render simple the connection of the 15 species of R, and Ly,
Lo, ... Ly, arep; closed lines which meet respectively the sections sy, s2,...5p,,

and we put:
M= / X, dz,,

the integral:

Z X, dz,

3 Editorial note: The last display below closes with dz, dz;; the summation and the deter-
minant above it both run over r and ¢, so it should read dz, dz;. The subscript was magnified
and is unambiguously n. An apparent misprint, reproduced here as printed.
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extended between two points Z° and Z' along a line which meets several sections
s, will differ from that taken along a line which goes from the point Z° to the
point Z' without meeting any section s, by the quantities M relative to the
sections s met, these being taken positively or negatively according as they are
met in proceeding in one or in the other direction; if moreover the connection
of the 15t species of the space R is simple, the integral taken along any line
whatever which in R goes from Zy to Zy has always the same value.
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