On the application of Abelian functions in geom-
etry.

(By Mr. A. Clebsch of Giessen.)

The applications which the elliptic functions have hitherto found in geome-
try are, although restricted to very few among the possible cases, nevertheless
already numerous enough to let their general character come forward. All these
applications proceed from the division, and show how the solutions of certain
algebraic equations occurring in geometry can be simply represented by means
of the division of the elliptic functions. This is the more valuable in that those
equations themselves are in general very hard to set up, on account of their in-
volved form; but no less so because the peculiar relations and groupings of the
roots among one another thereby come out in the clearest way. That Steiner
knew how to follow up these relations in so many cases, and that many problems
solved by him first find their true analytical expression through the theory of
the elliptic functions, is not the least of the remarkable facts which fill us with
ever growing admiration in the study of the writings of this great geometer.

To bring forward similar applications of the theory of Abelian functions is
the purpose of the present paper; and I believe that the few principles to be set
forth may serve to make the study of algebraic curves easier in many respects.
That such applications have not been attempted hitherto, although we have
possessed Riemann’s theory of these functions for six years, is without doubt
to be ascribed in great part to the difficulties which still stand in the way of
an understanding of the memoirs in question, and which have not been entirely
removed even by the more recent efforts of younger mathematicians. Another
ground lies in this, that in these applications one must return to that way of
conceiving the nature of these functions which Jacobi set up in the 9*" and
13t volumes of this Journal, and which in Mr. Riemann is found replaced by
another, although for the passage

to the Jacobian way of conceiving it the necessary material is given. One
may say that in Jacobi the mutual dependence of two series of equally many
variables comes into the foreground, while in Mr. Riemann it is chiefly a matter
of a series expansion. In what follows I shall always make use of the mode of
representation as Jacobi employs it. The developments made from the theory
of the Abelian functions (by Mr. C. Neumann*) and Mr. Prym**)) seem even to
show that this Jacobian standpoint forms the necessary point of passage, and
that all developments appear first in the form foretold by Jacobi, even when one
strives, as Mr. Prym does, to avoid it.

The geometrical applications of this theory which are opened up in what
follows are so numerous that I have attempted to carry out only a few cases
more closely. These developments relate in particular to the theory of the plane
curves of the fourth order, and contain among others a solution of the problem
of the double tangents, which recommends itself by a perspicuous grouping of
these remarkable straight lines flowing from the nature of the thing itself. In
this way there result almost of themselves a series of theorems which Hesse and



Steiner have given in the 49*® volume of this Journal, and upon which Hesse

has founded his elegant interpretation of the relations subsisting among the 28
double tangents by means of the connecting lines of 8 points in space. It lies in
the nature of the methods here applied that all these theorems appear as quite
special cases of others, very general ones, which retain their validity in the same
way not merely for plane curves of arbitrary order, but also for all curves of
double curvature.

§. 1.

Connexion of a curve of the nt? order with a class of Abelian
integrals.

Every algebraic equation F'(s,z) = 0, by virtue of which s is determined as a
function of z, founds, according to Mr. Riemann, a class of Abelian integrals.
Out of the everywhere finite integrals which one obtains thereby, the arguments
of f-functions are put together in a linear way. If one assumes the p arguments
of a f-function as known,

*) Die Umkehrung der Abelschen Integrale, Halle 1863.

**) Theoria nova f. ultraellipticarum, Diss. Berlin 1863.

then there correspond to them p values of z, which form the upper limits
of the constituent integrals; and these, or any algebraic functions of them, are
determined as roots of an equation of the p** degree, whose coefficients are put
together rationally out of f-functions. The number p is found by means of the
formula W :

p=5—(n-1)
here n is the degree to which s rises in the given equation, but w is the number
of the systems of values for which F’(s) = 0 without F'(z) = 0. It is thereby
presupposed that for those systems of values where F’(s) = 0 and F'(z) = 0,
F"(ss8).F"(zz) — F"(sz)? = 0 shall not hold.

Mr. Riemann lays the equation F(s,z) = 0 at the foundation in the form
that, when one orders the equation according to powers of s, every coefficient
shall be of equally high order in z. For the geometrical application it is expedient
to consider another form as the general fundamental form, namely that which,
121 + a2 + asxs Q1 T1 + Qa2 + 33

for z, and of — for
bix1 + bawa + b33 prz1 + Paxa + Baxs
s, can be carried over into a homogeneous function of the n*" order of the three
variables x1, x2, 3, where the a, b, a, 8 denote arbitrary constants.

Let the equation thus arising

f($1,$2,$3) =0 (1)

by substitution of —

be the equation of a curve of the n*® order. The reduction of this equation to

the form
F(s,z)=0 (2.)



by means of the equations

{ (alxl + asxo + a3x3) =+ z(blxl + baxo + b3$3) =0, (3 )

(1z1 + agws + azrs) + s(Biz1 + Paxa + Baz3) =0

then corresponds to the representation of the curve as the intersection of cor-
responding rays of the pencils (3.), in which s, z form the variable parameters.
Let us investigate how great the number w becomes accordingly.

If F's = 0 without F'z = 0, then the equation has two equal roots z; to two
consecutive rays of the first pencil there corresponds

*) Volume 54 of this Journal p. 129.

one of the second. In other words, a ray of the second pencil becomes a
tangent of the curve. The case F"s = 0, F'"'s = 0 etc. is easy to take into
account; the tangent then touches to a higher order. But this can occur only
for particular values of the a, b, «, 5.

If F'(s) =0 and F'(z) = 0, then also

o _, o _,  of _

=0, =0, 0;
o1 Ora 0x3

the curve then has a double point. That the condition
F"(s8).F"(22) — F"(s2)* =0

is excluded means that no double point shall become a cusp®.
If therefore the number of the double points is equal to d, one has, by a
known formula for the number of the tangents,

w=n.(n—-1)—2d

Hence ) )
p= D=2 )2(”_ ) _a, (4.)

This then is the number which gives the class of the Abelian functions belonging
to a curve of the n'" order.

Thus the elliptic functions (p = 1) correspond to the general curves of the
third order, to the curves of the fourth order with two double points etc.; the
first class of the Abelian transcendents to the curves of the fourth order with
one double point, or to those of the fifth order with four double points etc.; the
following class (p = 3) to the general curves of the fourth order etc.

According to the theory of the Abelian functions one finds z expressed by
f-functions by means of an equation of the p'"' degree. The first equation (3.)
therefore makes known a linear relation between the coordinates of a point,
when the p arguments of the 6 are presupposed as known; the s belonging to z,
whose expression one derives from that of z and from its differential quotients
taken with respect to the arguments of the #-functions, furnishes a second; and
one can finally express the coordinates of a curve by #-functions in this way,
where, besides the general theory of the



*) This restriction can, as it seems, be lifted, by laying down that for every
cusp the number of the tangents shall at the same time be increased by one.

Abelian functions in question, only the solution of a single equation of the
p** degree is demanded.

The everywhere finite integrals out of which the arguments of the 6-functions
are put together can, following Riemann (loc. cit. pag. 131.) and by means of
the equations

To dSL’3 — X3 dl’g o I3 d.’l?l — X1 d.’)33 _ T1 dLL'Q — X2 dLUl
of B of B of
8301 81‘2 6373

be brought into the form:

where O is an integral homogeneous function of the order n — 3 which vanishes
for the double points of the curve, and where the equation f = 0 is regarded as
subsisting between the x. The ¢, which are introduced for the sake of symmetry
(cf. Aronhold, Monatsber. der Berl. Acad., session of 25 April 1861), have
no influence at all upon the integral, since the quantity under the integral sign
is in truth independent of them. The expedient choice of the lower limits, as
well as of the coefficients occurring in the ©, Mr. Riemann has taught; I shall
presuppose both as they are given in the second Division of the memoir cited.

§. 2.

Application of Abel’s theorem to the intersection of two
curves.

Abel’s theorem (volume 4 pag. 200 of this Journal) can now, with homogeneous
equations laid at the foundation instead of those used by Abel, be enunciated in
a way which permits important consequences. I shall add the proof, as it shapes
itself under the modification indicated.

Let f = 0 be the equation of a curve of the n*" order, ¢ = 0 that of another
curve of the m*™ order. Let further © be an arbitrary rational homogeneous
function of the (n — 3)*" order. Let us consider the sum

E:l:cll‘gdxg
E/@'Cafﬂafﬂaf’
13:1?1 28&?2 38173

extended over all those points as upper limits of the integrals which form
the system of intersection of f =0, ¢ = 0.

Under the integral sign the x by no means satisfy the equation ¢ = 0, in
so far as this represents a determinate curve; but we can assume the equation



o = 0 as subsisting, by introducing its coeflficients as variables, to which the
given values in question are to be assigned only in the limits.
If one now multiplies numerator and denominator under the integral sign by

0
Ytk 87]0 T where the k are arbitrary quantities, one finds in the numerator
T2 OT3
the determinant:

Ekici, Ekle, Ek dl‘l

of of of
Y %‘L’i’ Yx; %%‘7 %ﬂfz dx;
Oy oy Y o
Y 0z, Yx; 0z, Zaxi dx;

Of the elements of this determinant three vanish; the last becomes equal to —d¢p,
if 0o denotes that which arises from ¢ by differentiation of the coefficients; and
one has finally as the value of the determinant:

8$i

so that the sum sought passes over into

/ o. Ykix; S

v, Of 9p

Ytk —
83:2 81‘3

Here the increments of the individual coefficients of ¢ are now multiplied into
rational functions of the coordinates of the various points which satisfy the
equations f = 0, ¢ = 0 together. All the points occur symmetrically in these
functions; one can therefore represent the latter as rational functions of the
coefficients of f and ¢; and by integrating with respect to the latter one ob-
tains, besides rational functions of the coefficients, only logarithmic and circular
functions of such. This is Abel’s theorem.

Let us now remark in particular that, if © is at the same time an inte-
gral function, the sum of the functions standing under the integral sign always
vanishes. For by applying the theorem enunciated by Jacobi (volume 14 of this

Journal p. 286) to homogeneous equations, and remarking at the same time
that, if f =0, ¢ = 0, then also:

f 0p Of dp  Of dp Of Bp  Of dp  Of Oy

31172 &Tg 31’3 8@ _ &Tg 61’1 8351 81‘3 _ 6931 8362 61‘2 8:1:1

T T3 T3

one obtains the formula:

Q(krx1 + koo + kzxs)
of d¢
Y+k
Loy (9.’)32 6333

Dy =0,

where (2 is an integral homogeneous function of the order m +n — 3, and where
the sum relates to all systems of values which satisfy the equations f =0, p =0



simultaneously. Since now ©.dy is of the form §2 as soon as ©, which was of the
(n — 3)*™® order, denotes an integral function, the above sum of integrals then
becomes constant, i. e. independent of the coefficients of ¢.

One has therefore the following theorem:

If f =0 denotes the equation of a curve of the n'* order, and if the integral

Y+ C1T2 dl’g
o

in which © is a homogeneous function of the (n — 3)™ order, is formed in such

a way that one makes the x dependent upon one another by the equation f =0,
then the sum of all values of the integral for the points of intersection of f =0
with another curve ¢ = 0 (of the m™ order) is representable as an aggregate of
rational functions and of logarithms of rational functions of the coefficients of
p; but in particular this sum is independent of the coefficients of ¢ as soon as

O is at the same time an integral function.
n—1ln—2
Since O, if it is an integral function, still contains ———— arbitrary

coefficients, one obtains from this just as many separate equations, which give
n—1ln—2

sums of mn integrals equal to constants. These — s equations in no

way contain the coefficients of ¢; they are therefore in general the conditions

that mn points of a curve of the n'® order lie on a curve of the m*™ order. If

m 2 n, then, as is known, the number
n—1n—2
of the conditions requisite for this is exactly equal to — ) but if

m is smaller than n, then the number of the requisite conditions is:

_m.m+3

mn 5 ,

and since

2 2 B 2 ’

( m.m—|—3) n—1n-—2 n—m-—1ln—m—2

mn — — =

the number of the equations obtained is, for m = n — 1, m = n — 2 also, still
equal to the number of the requisite conditions. If m < n — 2, the number
of the equations of condition becomes greater; but they cannot cease to be
compatible with one another, and to take the place of the sufficient number of
determinations.

If the curve considered possesses no double point, and therefore in general,
the equations given by the theorem subsist only between everywhere finite in-
tegrals, such as are used in the formation of the arguments of the ©-functions.
This general case shall be treated first. If double points exist, then in just as
many equations the integrals no longer belong under this category.



8. 3.

Determination of the constants of Abel’s theorem, and con-
verse of the theorem on the points of intersection of alge-
braic curves.

Let us presuppose in what follows that the curve possesses no double point.
From this case all the others can be derived as special ones. We have p =
n—1ln—2

5 ; the everywhere finite integrals we denote by

Ui, Uusg, Up,

and distinguish those belonging to different points by upper indices. The u shall
be determined as Mr. Riemann employs them for the formation of the arguments
of the f-functions; thereby the lower limits are determined on the one hand, and
on the other hand it is laid down what changes the u undergo through alteration
of the path of integration, namely that, the upper limit remaining the same, they
can thereby only be carried over into

*) Jacobi, this Journal volume 15. pag. 285.

the system:

U1+A1, U2+A2, ’U,p+Ap,

where, as always in what follows, the A denote a system of the form

AL = myim + anqr + a12q2 + -+ G1pGp,
Ay = moim + ag1q1 + a22q2 + - + azpqp, 5)

Ap = mpim + apiq1 + ap2g2 + -+ appp

In these expressions the a are given by the equation of the curve, but the m, ¢
denote whole numbers.
The equations of the theorem then pass over into the following form:

wy +ul® ™ =,
uh +ul? 4+ ul™™ =, )

uh +ul® 4 ulm =

Since the curve of the m'™ order can consist of m straight lines, one must be
able to form each of these equations by adding the m corresponding equations
which subsist for m = 1. One therefore has at once, if c;, ¢, ... ¢, denote the
constants v belonging to m = 1,

Y1 = mcy, Y2 = Mmca, Yp = MCp.



The constants ¢ are then independent not merely of the coefficients but also of
the degree of the curve ¢ = 0. I shall now show that the ¢ can all be set equal
to zero.

To this the consideration of the case m = n — 3 leads. For Mr. Riemann has
proved loc. cit. p. 148 that a system of the above kind is congruent to nothing
but zeros as soon as it is extended over the common solutions of f = 0 with those
equations whose left-hand part is put together linearly out of the numerators of
the functions integrated in the u, any double points being excluded, which here
do not occur from the outset. Now a linear function of the numerators of the
integrated expressions is a general homogeneous function of the (n — 3)" order
(©); for m = n — 3 we therefore have (n — 3)¢, = 0, hence always ¢, = 0. One
has therefore the following theorem:

If one forms the everywhere finite integrals with the lower limits given by
Mr. Riemann, and forms the sums of such integrals

for the points of intersection of the curve f = 0 with another, then the
system of the sums of integrals obtained is at all times congruent to a system of
Z€T08.

This theorem admits of a converse, and then runs thus:

As soon as the sums of the everywhere finite integrals extended over m.n
points are zero, the m.n points lie in the intersection of a curve of the m** order
with the curve of the n* order.

For the differential equations:

du + dul® + -+ dul™ =0,
duél) + dugz) + e+ duémn) =0,

dulV + dul? + - + dul™™ =0

are completely integrated by p algebraic equations which Abel’s theorem gives.
The p integrals contain p arbitrary constants. Since the differential equations
are further integrated by such algebraic equations as state that the mn points
lie on a curve of the m* order, these latter must be derivable from the former
by a special choice of the arbitrary constants; and if one holds such values of
the constants fast, then the algebraic integrals must have precisely that shape
in which they characterize the mn points as the intersection of a curve of the
m*™ order with the given one. But the requisite determination of the constants
has been accomplished above.

8. 4.

Contact curves which are determined by a number of points
given on the curve.

By means of the theorems developed the solution of the following problem results
easily:



Let m 2 n — 2; on the curve of the n' order mn — pr points are given
arbitrarily; through them one is to lay a curve of the m™ order which touches
the curve of the n'™ order at p points with r-point contact.

This problem is soluble if m =2 n — 2. It is also determinate if m = n — 2
or m = n — 1. For in both cases the number of the conditions imposed, namely
mn — pr + p(r — 1), is equal to the number of the constants contained in the
equation of the curve. If m = n, then the number of the equations of condition
(mn — p) is, by a theorem already mentioned, just sufficient

to determine that system of points which the curve of the m*™ order must
have in common with the curve of the n*® order; but then every curve of the
m*™ order which passes through the points found fulfils the conditions imposed.

Let us put for brevity mn — pr = A. Of the points of intersection of the two
curves \ are then given; of the remaining pr, r at a time shall coincide. Let the
sums of corresponding integrals which belong to the sought points of contact be
U1, Vg, ... Up; the equations (6.) then take the shape:

rop = —(uj +us? + -+ ulY),

rvy = —(uh + ug” + -+ udV),

rvp = —(u, +ul? + -+ ulV).

The right-hand parts of these congruences are given; by division by r one finds,
adding on the right, for the sake of generality, an arbitrary system of the A
divided by r:

N R C R

U1E—u1+u1 R +*1,

r r

e wru a4
*= r r’ (7.)

(2) (M)
U, +up .+t u A
v, = ——L—" P4

r r
If one now forms the 6 whose arguments are just these v, and the corresponding
equation of the p** degree, then one finds by solution the p points which occur
in the v as upper limits, i. e. the p points of contact, whereby the problem is
solved.

The A contain the 2p numbers m, ¢, to which all values from 0 to » — 1 may
still be assigned. The number of all solutions of the problem is therefore r2P.

The 72P systems of p points of contact each have a very remarkable position
with respect to one another. If one distinguishes r such systems, of which
several may also coincide in groups, by appended upper indices, and adds the
corresponding equations (7.), one obtains

for k=1,2,...p:
y_ AV +AY 4 AD )

r

o) ol ol ) e




If therefore one determines the numbers m, ¢ occurring in the A so that

{mg) + mg) 4+ 4 mg) =0 (mOd 7‘)7 (9 )
V4¢P +- 447 =0 (mod. r),

then one may put zero instead of the right-hand side of (8.), and it is thus found
that the r systems of points of contact lie, together with the given points, on a
curve of the m*™ order. From (9.) one sees that of the r systems r — 1 can be
chosen arbitrarily, whereby the 7" is then determined; and one has therefore
the theorem:

If one lays a curve of the m* order through the given points and through
r — 1 systems of points of contact, it still passes through an r'* system. Of the
former several may coincide in groups; but it may also happen that the latter
coincides with one of the former, which in particular always occurs when r = 2.

It scarcely needs to be mentioned that, if u systems coincide, the new curve
has at the points of the system a u-point contact with the given one.

§. 5.

Systems of contact curves which pass through fixed points
of the curve.

In the previous problem let us make p times r of the given points, whose num-
ber may be presupposed greater than p.r, coincide. Let us then assume only
the remaining mn — (p + p)r points as given. We have then to do with the
indeterminate problem:

A curve of the m™ order shall pass through mn — (p + u)r points given on
a curve of the n'™ order, and shall besides touch this curve at p + p points with
r-point contact.

This problem is, when m = n — 2, soluble like the previous one, and indeed
1t points of contact are still arbitrary, but the p remaining ones are then deter-
mined. Through the given mn — (p+ p)r points there can therefore still be laid
infinitely many curves of the kind sought; and when g points of contact have
been chosen arbitrarily, still 727.

Mr. Hesse has introduced the notion of a system of contact curves (volume
49 of this Journal) and has made manifold use of it for the theory of the curves
of the third and fourth order. For if one starts from a determinate contact curve
and lets it vary continuously, then the points of contact gradually run through
all the combinations that are at all possible. But it is by no means possible to
arrive at all contact curves by such continuous variation; rather, one must for
this purpose let those contact curves which have in common as great a number
as possible of arbitrarily chosen points of contact vary simultaneously. Out of
each of these curves there then arises a system of contact curves, no one of which
has a curve in common with another.

10



One now remarks that in the present representation the various systems of
contact curves are characterized by a very simple mark. For to each system there
corresponds a determinate system of the A; for these systems are completely
discrete, and it can therefore never happen that from a curve which corresponds
to one system of the A one should set up a continuous passage, through contact
curves throughout, to curves which correspond to another system. One may
therefore enunciate the following theorem:

One can determine infinitely many curves of the m™ order, if m > n — 2,
which touch a curve of the n* order at %H ~+ p points with r-point
contact, while the rest of the points of intersection are given. These curves
divide into r?P different systems, in such a way that it is not possible to pass
continuously from a curve of one system, through contact curves throughout, to
a curve of another system.

If we now denote the integrals corresponding to the p + p points of contact
by

w,(cl), w,(f), w,(ﬂp's_”),

and the sums of the integrals corresponding to the fixed points by Uy, then we

have: U+ A
Uk +
w}(€1) +w’(€2) o —i—w,(f*“) = #
Let us now consider r curves of the same system, and add the corresponding
equations, which on the left may be indicated by the sign S,

then there comes:
S(w,(fl) + w,(f) +o+wPy =

i.e.

The points of contact of any r contact curves of the same system lie at all
times on a curve of the m* order which passes through the given fized points.

Besides this one has, as in the previous §., the theorem:

If one lays a curve of the m™ order through the given points and through
r — 1 systems of p + p points of contact each, which may belong to the same
or to different systems of contact curves, it still always passes through an r**
system.

The previous theorem can be conceived as a special case of this latter one,
and for r = 2, with two-point contact everywhere, the latter passes directly over
into the former.

§. 6.

Systems of curves which touch the given curve to a certain
order wherever they meet it.

If mn is divisible by r, then there occur in particular contact curves like those
which Mr. Hesse has investigated loc. cit., which touch the curve of the n'" order

11



with r-point contact everywhere where they meet it. Then mn = (p 4+ p)r; the
systems arising depend on the curve of the n*® order alone, and are no longer,
as in the foregoing, characterized besides by particular points arbitrarily chosen
upon it. The remaining theorems adduced in the previous §. continue to hold
here; but the number of the systems may under circumstances become another
than the one given above.

For let us assume that m has a common factor with r, so that

m=m's, r=r's,
where m’, r’ shall be relatively prime. As often now as all the numbers m, ¢
occurring in the A contain the factor s, one has

A _ Ay

r r’

where the A’ are expressions after the manner of the A. Then, if for the points of

contact the integrals in question are denoted by ug), u,(f), e u,ET) = u£7>

one always has:

() _4
U/I(Cl)"i'u](cz)—’——’_uk s Eik7

i. e. the system of contact curves consists in truth of curves of the order m’ which
touch the given curve everywhere with 7’-point contact, and which, counted
s times, may be regarded as systems of the m'™ order with r-point contact.
Abstracting from these, and remarking that these exceptional systems of the A
are 2P in number, one arrives at the theorem:

If mn = (p+ p)r, m 2 n — 2, then there are systems of curves of the m®
order which touch the curve of the n** order at p+ p points with r-point contact,
of which u are arbitrary. If m =m's, r = r's, where m’, v’ are relatively prime,
then the number of the systems is 2P — v'?P; only when m and r are relatively
prime is their number equal to r2P.

To this attaches itself a number of further theorems on those cases in which
the points of contact of several contact curves form together the complete in-
tersection of the curve of the nt" order with another curve. Such theorems still
exist even when one does not consider contact curves of equal order. For if
m/7 ’I“/; m//7 '

h

... m®_ r() denote the numbers corresponding to the various
contact curves considered together, and if the associated systems of the A are
denoted in a similar way, it is only necessary that

mm ()
7 7+...+W:h

be a whole number, and that the equations

N AL AP
T Tty =0

12



should hold, in order that the points of contact of the curves of the orders m/,
m”, ... m") may lie on a curve of the h" order.
I content myself with having indicated this source of theorems here.

§. 7.

Contact of a curve of the fourth order by curves of the third
order, with four-point contact at three points; and contact
of a curve of the sixth order by curves of the fifth order,
with three-point contact at 10 points.

The problems treated in the foregoing are essentially indeterminate. But there
are classes of completely determinate contact curves. For m = n these

m
always occur when mn = pr, or — = P 1f now n has not the form 4h + 2,

n
then p and n have no common factor; one has therefore as the most general
assumption m = p.s, r = n.s. Only when n has the form 4h + 2 do p and

s have the common factor 2. In this case one must therefore put m = g.s,

n
r = —.s. And if one combines this with the determinations of the previous §.,

the following theorem results:

If s is an arbitrary number, and n not of the form 4h + 2, then there are
always n?P(s?P — 1) curves of the order p.s which touch the curve of the n'®
order at p points with n.s-point contact. If on the other hand n is of the form
4h+ 2, then there are (3n)*.(s*? — 1) curves of the order p.s which touch the
curve of the n™™ order at p points with %n.s—pm’nt contact.

This theorem must apparently suffer two exceptions, for s = 1 and n = 4
or n = 6, because in these cases m < n. But in both cases the theorem is
nevertheless correct, of which one convinces oneself in the following way. The

mn
number of conditions to which a curve touching at — points with r-point
r

mn
contact is subjected is found equal to — (r — 1). In order that the curve of the
r

m" order (m < n) shall thereby be completely determined, one must have the
equation:
mn(r—1) m.m+3

r o 2 ’
or 2 1
o nlr=1) o
T

First, then, » must be a factor of 2n; if one further puts m < n, one finds
6
r <2+ —t These conditions are in general satisfied only by r = 2; but
n

besides by r = 4 for n = 4, and r = 3 for n = 6. One therefore obtains the
following contact problems, which as completely determinate are of particular
interest:

13



The curve of the n*" order shall be touched by a curve of the (n — 3)™ order
nn—3

at

tangents in the curves of the fourth order is a particular case;

a given curve of the fourth order shall be touched by a curve of the third
order at three points with four-point contact;

a given curve of the sixth order shall be touched by a curve of the fifth order
at ten points with three-point contact.

The two last problems are already contained in the theorem given above;
nevertheless the general results may here be specialized still more closely for
these two cases.

For the second problem one obtains the following determination:

There are 4096 curves of the third order which touch a given curve of the
fourth order at three points with four-point contact.

The 4096 curves correspond to the 4096 different systems of the A which
one can form for p = 3 when the numbers m, ¢ may receive the values 0, 1, 2, 3.
The points of contact of each curve are determined by an equation of the third
degree; the coefficients of the equation are f-functions with the arguments:

points with two-point contact; of which the problem of the double

A

v = ugl) + ug2) + u(13) = —41,
A

vy = uél) + ugz) + uég) = —42, (10.)
A

V3 = uél) + uéQ) + u:(f’) = —43.

If one denotes the numbers m, ¢ corresponding to the various contact curves by
upper indices, then one always has the points of contact of three curves upon a
new curve of the third order, as soon as

m; +mi +m +m!" = (mod. 4),

¢ +q¢ +¢"+¢" =0 (mod. 4).

The curves of the third order thus obtained divide into three classes; the curves
of the first touch with two-point contact at the points of contact of two of the
above curves; those of the second touch with two-point contact at the points of
contact of one curve, and pass through the points of contact of two others; those
of the third class, finally, pass through the points of contact of four different
curves. The number of all these curves is very great, and one obtains it easily
by a simple enumeration, which I believe I may pass over here. For more on the
grouping of these contact curves see below.

If a curve of the sixth order is to be touched by a curve of the fifth order at
ten points with three-point contact, then one has p =10, m =5, n =6, r = 3;
each system of ten points of contact is found by means of an equation

14



of the tenth degree, whose coefficients are f-functions with the arguments:

A
vy = u§1) o+ =

A
V2 = 4 ug) -+ uglo) = ?2

A
vio = ufy +ufy) + -+ ufy” = 310'

The number of the contact curves is 3°°. By adding the equations of this kind
which belong to three different contact curves, and then putting
A + AL+ A)
3

=0

one finds the theorem:
Any two systems of points of contact lie on a curve of the fifth order, which

cuts the curve of the sixth order further in the points of contact of a third contact
320.320 -1

curve. Of such curves of the fifth order there are therefore 5

§. 8.

Curves of the (n — 3)™ order which touch a given curve of

n—3
the nt® order at % points with two-point contact.

The problem, so to lay a curve of the (n — 3)™ order that it touches a given

n.n
curve of the n*' order at points with two-point contact, is by far more

important than the previous ones, and of outstanding interest. Keeping to
the notation used hitherto, the equations between the integrals to which this
problem leads present themselves as follows:

n.n—3
u§1)+u§2>+.,,+u$ )

n.g—(&) A(n_lén_Q)
1;7,—2) 2 .

n—

1) (2) (
Umrama) T Unoiamay T U
(=) () (

The number of these equations is greater by one than that of the unknowns.
Nevertheless the equations are compatible with one another, as shall now be
shown; but no one of them is a consequence of the others, rather they can
subsist side by side only for certain systems of the A.
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Mr. Riemann has proved loc. cit. p. 147 the theorem that one can set a given
system of p quantities equal to the sums of p — 1 corresponding integrals each

always and only then, and in general only in one way, when 6 vanishes for the
. o n—1n-—2 n.n—3
given quantities as arguments. In our case p = — s p—1= 5 ;

there is therefore always a contact curve of the kind sought as soon as 6, formed

. A
with the arguments AL, %, .=, becomes equal to zero. One must therefore

2
have:

h,k=p . k=p
n=-+oo S anknh (Metgqr) Him X npmy
0= 3y ehk=t k=1

n=—oo

2n 2n 2ng,
P3)) h;’qh ) k;qk k;’qk

app +imwS

—ESmerqr — $EZank anak Ye me

=€

The sum occurring in the last form passes over, if one puts —(ng+qg), —(nnp+qn)
for ng, ny, also into

. 2n
ank _mg”kfﬂk my

)

Y

2np+ap 2nptag
pED bt 2tk

and if one adds this sum to the previous one, with which it is identical, there is
found:

2ny + 2n, + »
0= {2622%.% a,Lk.(_l)anmk} oS ( q;;mkﬂ> .

The #-function considered therefore always vanishes when
q@mi + gama + -+ gpmy = 2h + 1, (12.)

and this is the condition for the coexistence of the equations (11.).

Let us now investigate the number of the combinations by which the equa-
tions (12.) can be satisfied. Let k of the quantities ¢ be equal to 0, the remaining
(p — k) equal to 1; the m corresponding to the first quantities ¢ can then be 0
or 1, which gives 2* combinations; but the sum of the other m must be odd, or
the last is always determined by the remaining p — k — 1

of them. The latter m can therefore still be chosen in 2P~*~! ways, or the
m as a whole in 2P~! ways. Since the ¢ can satisfy the stated conditions in

% ways, there are

pp—1...p—k+1

or~t
12.. .k

systems of the A in which k£ of the quantities g are equal to 0. If we now put
k=0, 1, 2, ...p—1, there are found in all

p—1
op—1 (1+]1?+p112 +...+p):2P—1(2;D_1)

systems of the A, or the theorem:

16



There are 2% (2 R 1) curves of the (n — 3)™ order which touch a

n.n—3

given curve of the n'* order at points with two-point contact.

For n = 4 this gives the 28 double tangents.

The points of contact of each curve can be found by means of an equation
of the (p — 1) degree. For one needs only to add, on both sides of the equa-
tions (11.), the u corresponding to an arbitrarily given point, and one then has
before one the arguments of #-functions. Out of these are put together the co-
efficients of an equation of the p'" degree, of which one root (corresponding to
the arbitrarily chosen point) is known.

The points of contact of p curves of this kind lie in every case on a curve of

the order “(nT_B), as soon as the system subsists:

AD + AP - AW
2

0,

in which the upper indices relate to the various curves considered. One surveys
the field of theorems and enumerations which result from this, and which form
the natural generalization of those results to which one is led in the theory of
the double tangents of the curves of the fourth order. I remark upon only one
further theorem, which likewise, in its most special form, is already known in
the case of the curves of the fourth order. For if one considers the curves of the
2h — (n — 3)*™ order which touch a curve of the n'"" order at hn — %‘3 points
with two-point contact, and adds to the corresponding equations

hn— =3 A
uél)+u,(€2)+~~—|—u,(€n =) 7k

the equations (11.), on the presupposition of the same system of the A, then
it is found that the first hn — %’3 points of contact lie, together with the 2-n=3
points of contact of the curve of the (n — 3)*® order, on a curve of the h*® order.
Now the number of the systems of contact curves of the 2h — (n — 3)'" order
is equal to 227, and only when n is odd must one exclude the system for which
the system of the A vanishes. One has therefore the following theorem:

Among the 22p( = %) systems of contact curves which, for even n,
are of odd order m, or, for odd n, of even order m, and which touch the given
curve of the n'® order with two-point contact everywhere where they meet it,
there are always 2P~1(2P — 1) such that the points of contact of every curve of
the system lie, together with those of a determinate one of the above contact
curves of the (n — 3)™ order, on a curve of the %ch order; and there are,
for even m, 2P71(2P + 1), for odd, 2P~1(2P + 1) — 1 such systems in which the
points of contact never lie on a curve of the %”_3”1 order.
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§. 9.

The double tangents of the curves of the fourth order.

The general results developed shall now be carried out more closely for the
curves of the fourth order.

The number of the double tangents is, by §. 8, equal to 28, as is known.
But according to the foregoing one can represent them schematically, as follows.
Each double tangent may be denoted by the series, enclosed in brackets, of the
numbers m, ¢ corresponding to it, that is by:

(ma, ma2, m3; q1, 2, g3)-
The numbers can be 0 or 1, yet so that always
miq1 + maga + mzgs =1  (mod. 2).

If therefore we take for the m all possible systems consisting of the numbers 0
and 1, 0,0,0 excepted, and determine, in accordance with the above equation,
the corresponding systems of the g, we obtain the 28 double tangents in the
following scheme:

(100, 100) (010, 010) (001, 001) (011, 010) (101, 100) (110, 100) (111, 100)
(100, 110) (010, 110) (001, 011) (011, 001) (101, 110) (110, 101) (111, 010)
(100, 101) (010, 011) (001, 101) (011, 110) (101, 001) (110, 010) (111, 001)
(100, 111) (010, 111) (001, 111) (011, 101) (101, 011) (110,011) (111, 111).

There are, by §. 5, 63 systems of conics (Hesse, this Journal volume 49.)
which touch the curve at 4 points, corresponding to the 63 possible combinations

(mla ma, m3; qi, 42, Q?))a

the combination (000, 000) alone excepted.
Such a contact conic always breaks up into two double tangents

!/ ! /. / / / " " 1, /! 11 2
(m17 m27 m37 (I17 q27 qd)u (mlv m27 mSa q17 (J27 qj)a
asS sSoon as
! 7 / Y/ —
m; +m; =my, ¢+ ¢, =q (mod. 2), (13.)

where besides it must be the case that:

14.
miaf -+ miaf + mig) = 1. )

{ mid; + midh + migy = 1,
Here either the g or the m are not all zero; let us assume that this occurs with
the ¢; otherwise, in the following determination, the ¢ would merely have to be
interchanged with the m. Then, first, the equations (13.) show that for given
g; one can choose the ¢}, ¢/ in six different ways. For in general there exist
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eight combinations of the ¢/, ¢’ which satisfy those equations; but of these the
two are to be excluded for which all the ¢’ or all the ¢’ are zero (which cannot
occur together). These six ways give three pairs of systems ¢’, ¢”, since two
ways always differ from one another only by the interchange of the ¢’ with the
q//'

In each pair of systems at least one pair of corresponding ¢ is unequal, hence
0 and 1, and accordingly some other one is 1 and 0 or 1 and 1. There exist
therefore a ¢’ and a ¢” with different lower index which are equal to 1. If one
now determines the m corresponding to the third index so that they satisfy the
equation (13.) in question (which can happen in two ways), then the remaining
m are determined successively from (14.) and (13.). To each of the three pairs
q there correspond therefore two pairs m; or one has the theorem:

In every system of contact conics there occur siz pairs of double tangents.
(Hesse, 1. c., Salmon, higher plane curves.)

Since for any two such pairs belonging to the same system the sum of all the
m; as well as the sum of all the ¢; is always even, one has further the theorem:

The points of contact of any two pairs which belong to the same system lie
on a congc. (ib., ib.)

The number of the conics thus obtained is, as is known, equal to that of the
63 systems, multiplied by the number 15 of the combinations of 6 pairs two at
a time, and divided by 3, since any four tangents whose points of contact lie on
a conic can be resolved into two pairs in three ways, so that every conic occurs
three times. Thus the number of these conics is 315. The above scheme permits
one at once to put together the double tangents corresponding to such conics.

The more general theorem, that the points of contact of any two conics of
the same system lie on a conic (Hesse, 1. c.), follows from §. 6.

There are further, by §. 6, 64 systems of curves of the third order which
touch the curve of the fourth order at 6 points. The integrals corresponding to
the points of contact then always satisfy the equations:

A

(2)
k 5 (15.)

ulV +u® ol =
One now sees at a glance that these 64 systems separate at once into two classes,
according as the system of the A occurs at the same time among the double
tangents or not; that is, according as ¥mq = 1 (which happens 28 times) or
¥mgq = 0 (which can happen in 36 ways). For if one has for any double tangent

8) _ Ak

u,(:)—i-uk =50

(16.)
then it follows that
ul(:) + ug) + -+ u,(cg) =0,

i. e. the points of contact of the curve of the third order lie, together with those
of the double tangent, on a conic; whereas, if for a system of the A there is no
equation like (16.), the points of contact of the curve cannot lie on any conic
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either, since the equation (15.) then admits of no suitable completion. One has
therefore the theorem (Hesse, 1. c.):

Of the 64 systems of the curves of the third order, 28 have the property that
the 6 points of contact of a curve lie on a conic, and every conic then still
always passes through the points of contact of a double tangent, which remains
constant for the same system. The points of contact in the case of the curves of
the remaining 36 systems do not lie on a conic.

On the other hand both classes have, by §. 6, the common property that the
points of contact of any two curves of the same system lie on a curve of the
third order. (Hesse, 1. c.)

To these systems belong also the 4096 curves of the third order which touch
the curve of the fourth order at three points with four-point contact (§. 7). In
fact there follows from (10.)

2 (u,(:) + u,(f) + ugj)) = %;
every curve therefore belongs to that system of contact curves to which the
system of the Ay, pertains. Conversely, however, there follows from this equation
R R e
4 2
where in Ay, Aj, the numbers m, ¢ may now everywhere receive only the values
0 and 1. If the A; have been disposed of, then the A} can still be chosen in
64 ways; hence to each of the 64 systems of contact curves of the third order
there belong 64 such curves as touch the curve of the fourth order at three points
with four-point contact. This agrees with the fact that, by §. 4, through any
two points of a curve of the fourth order 64 conics can be laid which touch it at
three points. If one lays these conics through the points of contact of a double
tangent, then the points of contact of the conic are at the same time those at
which a curve of the third order can touch with four-point contact. Thus one
obtains the 28.64 contact curves which belong to the 28 systems mentioned; but
one sees that there are still 36.64 such contact curves at whose points of contact
a conic cannot at the same time touch the curve of the fourth order.

In general there are, by §. 5, 63 systems of curves of the (2m)* order and
64 systems of curves of the (2m +1)™ order which touch the curve of the fourth
order with two-point contact wherever they meet it. And these latter 64 systems
always divide into 28 and 36 in such a way that the points of contact of a curve
out of one of the 28 systems always lie, together with the points of contact of
one of the 28 double tangents, on a curve of the (m +1)™ order, while anything
similar never takes place with the other 36 systems. But all the systems have
the property that the points of contact of any two curves of the same system lie
on a curve of the same degree.

From these theorems one can easily pass to a more exact discussion of those
cases in which the points of contact of 6, 8 etc. double tangents

lie on a curve of the third, fourth etc. order, on which theorems have been
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found by Hesse and Steiner (vol. 49 of this Journal). I pass over these develop-
ments, which by the principles developed can be obtained by mere enumerations.

Of curves which touch the curve of the fourth order with multiple-point
contact I will at least adduce those of the third order. From §. 6 there follows
the theorem:

There are 728 systems of curves of the third order which touch a curve of
the fourth order at four points with three-point contact.

Between the integrals there subsist here the equations:

u) 4l = 2,

the system of the A may never vanish. If one considers a curve belonging to
another system, for which 24 always takes the place of A, and adds the
equations corresponding to such a curve to the previous ones, then the sum of
analogous integrals is always found congruent to zero. One has therefore the
following theorem, which (among others) characterizes the behaviour of these
systems:

These 728 systems divide into 364 pairs, two at a time, in such a way that
the points of contact of every curve of the one system lie, together with those of
every curve of the other system, on a conic.

Similar theorems can be set up in abundance for the contact curves of this
and of other orders.

§. 10.
On some theorems of Steiner concerning the curves of the
fourth order.

I take this opportunity to prove some theorems on curves of the fourth order
which Steiner (this Journal vol. 49, p. 266 fI.) has given, although they do not
belong to the series of considerations here set forth.

According to Hesse (this Journal volume 49, p. 261) the setting up of a
contact conic comes to this, that one gives the equation of the curve the form

ww—1v2=0

where u, v, w are expressions of the second order. All conics which belong to
the same one of the 63 systems are then contained in the form

U+ 22 + Nw =0,

and one finds the 6 pairs of tangents occurring in the system by an equation
of the sixth degree in A, by letting the determinant of this conic vanish. For the
point of intersection x of the tangents of a pair the differential quotients

w; + 22v; + A2w;
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must then vanish, and one finds, by a known procedure, the products and
squares of the coordinates x proportional to the minor determinants of the
conic u 4 2 v 4+ A2w = 0. These expressions have, as one sees at once, the form:

07Tk = Pit + M + N1 + N + AN,

where ¢ denotes an arbitrary factor, and where the p, ¢, ... depend only upon
the coefficients of the curve. If therefore one forms the determinant of these six
equations, eliminating ¢ and A, one has an equation of the second degree for
the = which is entirely independent of the root A chosen. And thus one has the
theorem given by Steiner loc. cit.:

The double points of the 6 pairs of double tangents belonging to the same
system lie on a conic.

Since identically

(uw —v?)(k — N\)? = (u+ 2kv + E*w) (u + 220 + N2w) — (u + (k + \)v + Edw)?,
we have
u+ (k+ANv+Ekdw =0,

or, what is the same thing, every conic of the form
au+ pv+yw =20

is one which passes through the points of contact of two conics of the system.
If one lets it break up into a pair of lines p, ¢, i. e. if one puts:

Qg + Buig + YWik = Diqk + @Dk,

then the coordinates of a straight line of the pair satisfy the equation which
arises by elimination of «, S, v, q1, g2, qs:

uip vin wir 2pr 0 0
uga V22 w22 0  2pa 0
Ko [Us3 Usz ws3 0 0  2ps
ugz v23 waz 0 p3 po
uzr w31 wzr ps 0 py
ui2 vi2 wi2 p2 p1 0O

The double points of the pairs must at the same time satisfy the equations:
au; + 5@1' + Yw; = 0,
or, eliminating «, B, 7, the equation

up v wa
G = U2 V2 W2 = 0.
Uz vz ws

One has therefore the theorem:
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If one constructs the complete quadrangles whose vertices are the points of
contact of conics of the same system, then the intersections of opposite sides
form the curve of the third order G = 0, and the sides themselves envelop the
curve of the third class K = 0.

In particular there follow from this, as special cases, the theorems given by
Steiner loc. cit.:

On the curve G = 0 lie the double points of the 6 pairs of double tangents
belonging to the system, as well as the points of intersection of the straight lines
which connect the points of contact of each pair crosswise.

And:

The curve K = 0 is touched by the six pairs of double tangents belonging to
the system, as well as by the straight lines which connect the points of contact
of the pairs crosswise.

If in a complete quadrangle 1, 2, 3, 4, whose vertices are to be points of
contact of a conic, one lets two, say 2 and 3, coincide, then 5, 6 (see the Fig.)
also fall into the same point. But the points 5, 6 belong to the curve G = 0; this
therefore cuts the given curve of the fourth order at the point in question, the
former having the straight line 5, 6, the latter the straight line 2, 3, for tangent.
The points of intersection of G = 0 with the given curve have therefore the
property that at them a conic can touch the curve with four-point contact,
which besides touches it twice more (at 1 and 4) with two-point contact. In
every system there are accordingly 12 conics of this kind.

Figure 1: Fig.

Since further the points 1, 8, 4, 7 form a harmonic system, so also, at the
points considered, the tangent to the given curve, the tangent to G = 0, and
the straight lines drawn from the place of four-point contact to

the places of two-point contact form a harmonic system. — The point 7
belongs to the curve G = 0; it becomes here the intersection of the tangent at
the place of four-point contact with the chord which joins the places of two-point
contact.

The tangent 2, 3 at one of the places of four-point contact is a tangent to
K = 0; likewise the straight lines 2, 1; 3, 4, which join that place with those of
two-point contact; since now 3, 1; 2, 4 are also tangents of this curve, and these
coincide infinitely nearly with the straight lines just named, 1, 4, the places of
two-point contact, must lie on K = 0 as points of intersection of consecutive
tangents. This curve is of the sixth order; the 24 points 1, 4 occurring in
one system therefore represent the complete system of intersection of the curve
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K = 0 with the given curve. Thus the following theorems given by Steiner are
proved:

There are 63.12 = 756 conics which touch a given curve of the fourth order
at one point a with four-point contact, and besides at two others, b, c, with
two-point contact.

The points a are in every system the 12 intersections of G = 0 with the given
curve; on G =0 lie also b, ¢ and the point of intersection of the tangent of the
given curve at the point a with the chord b, c.

At every point a the straight lines drawn to b, ¢ form, with the tangents of
the given curve and of the curve G = 0, a harmonic system.

The tangent at a, as well as the three straight lines ab, ac, be, touch the
curve K = 0, and indeed ab, ac at b and ¢ themselves, so that the points b,
c represent in every system the complete intersection of K = 0 with the given
curve.

Steiner finally develops connexions between the curves G = 0, K = 0. The
relation in which these curves stand to one another can be recognized as follows.

Let us consider, instead of the functions u, v, w, any linear combinations of
them

Ui = a1u+ b1v + crw,
U2 = asu + bQU + Cow,
Us = asu + bsv + caw.

These three new functions can always be so determined that they are the
partial differential quotients of a function of the third order with respect to x1,
To, x3. For this it is necessary that the following identical equations subsist:

asug + bavz + cows = asug + b3vs + cawa,
azuy + b3vy + cawr = ajus + b1vs + crws,

aius + bl’Ug + crwo = aguy + bQ’Ul “+ cowq.

These equations are linear in the z; if therefore one sets the coefficients on both
sides equal to one another, one finds 9 linear equations which are homogeneous
with respect to the sought quantities a, b, c. Nevertheless they can be satisfied;
for one remarks at once that their determinant is a skew one, and accordingly,
being of odd degree, vanishes identically.

Now the expressions G and K obviously do not change at all if in forming
them one lays at the foundation, instead of u, v, w, any linear combinations
of them, e. g. the partial differential quotients, just found, of a homogeneous
function f of the third order. But then one has, up to a numerical factor:

G=A; K=S5;,

where Ay denotes the covariant of the third order, Sy the first associated form of
the third class of f. From the known part which the curves Ay = 0, Sy = 0 play
in the theory of the curves of the third order there follow therefore immediately
the relations given by Steiner. The curves Ay = 0, Sy = 0 are the same which
Mr. Cremona, in his ,Introduzione ad una teoria geometrica della curve piane®,
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has designated as the Hessian and the Cayleyan curve. Of these the following
theorems hold:

The harmonic polars belonging to the points of inflexion of the Hessian curve
are the cuspidal tangents of the Cayleyan curve. (Hesse, this Journal vol. 38, p.
252.)

The harmonic points belonging to the cuspidal tangents of the Cayleyan curve
are the points of inflexion of the Hessian curve. (ib.)

The inflexional tangents of u = 0 touch the Hessian and the Cayleyan curve
at the same 9 points. (Cremona, 1. c. p. 116.)

Every tangent of the Cayleyan curve cuts the Hessian curve at two points
whose tangents meet on the Hessian curve, and at a third point which forms a
harmonic system with the point of contact on the Cayleyan curve and with the
other two points of intersection. (ib.)

From every point of the Hessian curve three tangents go to the Cayleyan;
the connecting line of the points of contact of two of them is a tangent of the
Cayleyan curve; the third forms a harmonic system with the tangent drawn to
the Hessian curve at the starting point and with the first two tangents. (ib.)

The mere application of these theorems gives the following results, given by
Steiner:

From every point of inflexion w of the curve G = 0 three tangents @, Q1,
Q2 go to the curve, which touch at q, q1, q2. These latter three points lie on a
cuspidal tangent R of the curve K = 0. This cuts K = 0, besides at q and besides
at the cusp r, at two points ¢', ¢, whose tangents Q', Q" likewise intersect at
w. The points v, q, q1, qo form a harmonic system, the tangents Q, Q’, Q"
with the inflexional tangent drawn at w a second.

§. 11.

On the connexion of the curves of double curvature with
Abelian functions.

In the foregoing only plane curves have been treated. I shall now show how sim-
ilar principles can be set up for the treatment of the curves of double curvature.

Let us consider the intersection of two algebraic surfaces. Let the one of
them, u = 0, be of the m*" order, the other, v = 0, of the n'* order. The curve
of intersection we can bring into connexion with two pencils of planes, whose
axes lie arbitrarily in space, in such a way that two corresponding planes of
the two pencils intersect one another on the curve. For if the equations of the
pencils are

(17.)

(a1$1 + asx2 + azxsz + (l4$(}4) + z (blxl + boxg + b3xs + b4.’)34) =0,
(a121 + aoxy + a3ws + agxy) + 5 (Bixy + Powa + B3xz + Baxy) =0,

then the elimination of the x from these equations and from v = 0, v = 0 leads
to an equation
F(s,z) =0, (18.)
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which expresses the mutual relation of dependence of the parameters of the
pencils.

This equation is of the degree m + n for s as well as for z. But it is not
irreducible under all circumstances; rather, if the surfaces v = 0, v = 0 have
particular positions with respect to one another, it breaks up of itself into factors.
For let a part of the curve of section be at the same time representable as part
of the intersection of two surfaces u’ = 0, v’ = 0 which are of lower degree than
u =0, v =0; let the part a’ thus added, together with another a”, be the curve
of section of two surfaces v’ =0, v = 0 which are again of lower degree, and
so on, until at last a part of a curve a*~1| together with a curve a(#), is the
intersection of two surfaces u(*) = 0, ) = 0, and al®) can be represented as
the complete section of two surfaces of lower degree. Thus there are innumerable
pairs of surfaces whose intersection breaks up into another curve and into a space
curve of the third order; this, together with a straight line, is representable as
the intersection of two surfaces of the second order, and the straight line added
forms finally the complete intersection of two planes. If we now conceive the
equations corresponding to the equation (18.) to be formed in succession for all
these curves of section;

F(s,z) =0, FW(s,2) =0, . Ft(s 2) =0,

then the following equations must subsist, in which the ¢ denote integral func-

tions:
FW(s,2) = oW (s,2) FUH (s, 2),

=
FU=(s,2) = 0=V (s,2).01 (s, 2),
FO=D(s,2) = oW (5,2).007 (s, 2),

F(s,z) = p(s, z).go(l)(s, z).

In this case, therefore, the equation F'(s,z) = 0 is reducible, and one can con-
ceive it as the product of two, or, generally speaking, of several irreducible
factors. Every branch of a space curve which corresponds to such a factor may
count as an algebraically defined simple space curve. Its order is the order of s
and z in the corresponding factor; orders which will always be equal, as follows
from the scheme just adduced, since, according to what precedes, s and z occur
in all the functions F' to equal orders.

Every such simple space curve now founds a class of Abelian functions. Let
k be the order of the curve, (s, z) = 0 the equation corresponding to it.

The number p which characterizes the associated Abelian functions is then,
by §. 1. equal to 2w — (k — 1), where w denotes the number of those systems of
values s, z for which ¢'(s) = 0 without ¢’(z) = 0.

If ¢'(s) = 0, this means that the equation ¢ = 0 has two equal roots s.
The corresponding value of z determines a plane of the first pencil (17.), which
cuts the curve at k points; of these two must coincide in order that two of the
corresponding planes of the pencil s shall become identical. Here the following
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cases may now occur. Either the plane in question of the pencil z is a tangent
plane of the curve; or the plane s intersects the plane z in a straight line which
meets the curve at two different points; or finally the curve has a double point,
which indicates a contact of the given surfaces or a node in one of the two. In
the two last cases a double value of s belongs to a value of z just as much as,
conversely, a double value of z belongs to a value of s; in both cases, therefore,
both ¢'(s) and ¢’(z) must vanish. We exclude only those cases in which the
double point passes over into a cusp and therefore also " (ss) ¢ (22)—¢" (sz)* =
0.

The number w therefore obviously denotes the rank of the curve, i. e. the
number of those tangents of the curve which meet a given straight line. For as
often as the axis of the pencil s is met by a tangent of the curve, a plane of the
pencil is a tangent plane of the curve, and therefore for it ¢'(s) = 0 without
¢'(2) vanishing. According to Mr. Salmon (Geometry of three dimensions p.
237) this number is determined from the formula

w=k(k—1)— 2d,

where d denotes the number of the rays proceeding from a point which meet the
curve twice, whether this twofold meeting take place, as in the case of a double
point, at the same point, or at different points.

Thus one has finally

(k—1)(k—2)
p= > d

for the characteristic number of the Abelian functions belonging to the curve.

In what follows I shall presuppose that the curve considered is the complete
intersection, not resolvable into parts, of two surfaces

which do not touch one another; that the curve possesses no cusps and no
double points whatever *). In this case the order of the curve becomes = mn,
and, according to Mr. Salmon (1. c. p. 249), its rank

w=mn(m-+n-—2),
hence
mn (m+n—4)
2

a number which, in agreement with what precedes, passes over for m = 1 into
n—1n—2

p= + 1

2
It is easy to form the p everywhere finite integrals which correspond to this
case. From the equations

U1y + U + uzws + ugry = 0,
V1T1 + VoXg + v3x3 + vaxg = 0, ou ov
U; = V; =
6:@’ 65(}7;

uy dry + ug dxo + uz drs + ug dry = 0,
U1 dIl —+ U9 dl‘g + V3 d.ng —+ Vg d:l?4 =0
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there result the following, in which du denotes an indeterminate factor:

21 dxs — o dry = (ugvy — ugvs) dp, 2o dars — w3 dry = (ujvg — uqvy) dp,
x1 drg — x3dry = (ugve — ugvy) dp, x3dry — x4 drs = (u1ve — ugvy) du,

21 dry — x4 dry = (ugvs — ugva) dp, x4dxe — xo dry = (ujvs — uzvy) dp.

If therefore a1, as, ..., by, ba, ... denote entirely arbitrary quantities, then the

expression
Y+ a1b2$3 dl‘4

Zaiui.Ebivi — Zaivi.Ebiui
is accordingly completely independent of the values of these quantities. It is of
the —(m +n — 4)'" dimension; the integral

U — @.E:l:aleI:g d:l?4
) Saiu.Xbiv; — Ya;v;.2bu;

=dp,

can therefore, by means of u = 0, v = 0, be represented as the integral of a
differential expression with a single variable, as soon as © is a homogeneous
function of the order (m + n — 4). Under the presuppositions made this

*) Such a curve shall sometimes, for brevity, be called a curve of the mnt
order. The nature of the curve then depends not merely on the number of its
order, but also on its resolution, i. e. on the orders of the surfaces which intersect
one another in it.

integral also remains everywhere finite, and it is only still necessary to con-
vince oneself whether p integrals are really obtained by different assumptions of
O. Let us remark for this purpose that © can be transformed by means of the
equations u = 0, v = 0 without the integral changing. One can therefore, if U,
V denote two functions of the (m — 4)™ and (n — 4)*™® order, put in place of ©
the function

h

O+ Uu+Vu
and determine the constants of U, V' so that just as many constants vanish in
O. Accordingly the number of the arbitrary constants contained in © is still
Hm+n-1)(m+n-2)(m+n-3)—(m—1)(m—2)(m-3)—(n—1)(n—2)(n—3)}

mn(m+n—4
~mlnin= oy

One therefore really obtains neither more nor fewer than p independent, every-
where finite integrals by assigning to these constants all possible values.

§. 12.

Abel’s theorem applied to the section of algebraic surfaces.
Let now w = 0 be a surface of the k*" order. Let us consider the expression YW

extended over all the points of intersection of the surface w = 0 with the given
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curve. Let us again introduce in the integration the coeflicients of a function
w, by the equation w = 0, as variables, so that only in the upper limits does w
pass over into the given surface. If we denote by dw that which arises from w
by variation of the coefficients, then

Yw; dx; = —ow.
If we therefore multiply under the integral sign of ¥ by the determinant
Y+ C1U2V3W4,

we obtain in the numerator:

Eaici ZbiCi Ecixi ECi dl‘i

Y+ a1b2$3 d$4.2 + C1U2V3Wy4 = gzzzz gll))z:jz 8 8
Eaiwi Eblwl 0 —w

= —5w.§]cixi.{§]aiui§]bivi — ZbiuiZaiviL
hence
©.3¢;x;.0w

U= [ =
Z:l:61UQU3w4

If we now form the sum of such expressions, extended over the points of inter-

section considered: o 5
2G5 0W
S0=— [ ¥ i i —— 19.
/ Y+ cugvswy (19.)

and if we presuppose about © only that it is a homogeneous function of the
m +n — 4™ order, then with the variation of each coefficient of w there is mul-
tiplied only a rational symmetric function of the coordinates of all the points of
intersection, which can be expressed rationally by the coefficients of w. The per-
formance of the integration can therefore lead only to rational and logarithmic
functions of the coefficients of w. And thus one has the following theorem:

If one cuts the curve of section of two surfaces u =0, v =0 of the m" and
nt" order by a surface w = 0, and if © is a homogeneous rational function of

the (m +n — 4)*" order, then the sum of the integrals

/ 0.X + a;b;x; dz;
Eaiui.wai - Ebiui.ani’

extended over all the points of intersection of the curve with w = 0, becomes an
aggregate of rational and logarithmic functions of the coefficients of w.!

One can, however, as shall be done in the following §., prove that, if © is
an integral function of the (m + n — 4)™ order, the expression standing under

L Editorial note: The numerator of the displayed integral is printed with one index through-
out, X £ a;b;x; dr;. The same sum is set X £ a1bax3 drg on pp. 221 and 222, and again in
the very next theorem; the alternating sum requires four distinct indices. Kept as printed.
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the integral sign in the equation (19.) vanishes, since in general the sum of the
expressions
cmzzz

Y+ crugvawy

where F is a homogeneous function of the (m + n + k — 4)" order, vanishes
when one extends it over the points of intersection of the surfaces u = 0, v = 0,
w = 0. Then X¥ becomes a constant, and one obtains the theorem:

The sum of the integrals

/ 0.X + albgl'g d.’L‘4
EazuZZvaZ - Zaivi.Ebiui’

where © is an integral function of the (m 4+ n — 4)™ order, becomes equal to a
constant if one extends the sum over all the points of intersection of the surfaces
of the m*™, n™ and k*" order u=0, v =0, w=0.

These theorems are special cases of the following, which is enunciated for an
arbitrary number of variables:

Let the variables x1, T2 ..x, be brought into connexion with one another by
the equations

u1:0, UQZO, UT_QZO,

which shall be homogeneous with respect to them and of the order my, ms,
wMyp—o. If we now choose quite arbitrarily any r(r — 2) quantities

(1) (1) (1)

ajy’, as’, ... ar’,

(2) (2) (2)
ay”’, as’, oy,
(r—2) (r—2) (r—2)
aq 5 (2 : e Ay 3

and denote by oz,(ci) the expression

0 _ 0%k @0uk Ouk
Y% T Oxq ta Oxg " Ox,’
and if finally © is a homogeneous function of the (my +mo + -+ +m,_o — 1)
order, then the sum of the integrals

)

0.X+ agl)ag) e a,(ﬂr:Qz)xT_l dx,

Y+ agl)ag) ol
extended over all the systems of values which the given equations determine
together with an (r—1)™ equation u = 0, is composed of algebraic and logarithmic

functions of the coefficients of the last equation, and is in particular constant
when © is an integral function.
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§. 13.

Extension of an algebraic theorem set up by Jacobi.

The lemma applied above can now be derived for arbitrarily many variables in
the following way, extending the proof carried out by Jacobi (this Journal vol.
14, pag. 281.).

Let s equations

WM =0, u® =0 ... =0

be given which contain the unknowns x1, s, ..zs, not homogeneously. The
number of the solutions common to all is . One can find these solutions by
eliminating all the unknowns but one, and then solving an

equation of the p'" degree. According as x;, x5 ..z, is the unknown retained,
let these final equations of the p*" degree be denoted by

X1=0, Xo=0, ... X;=0
One can then put identically:

Ml(l)u(l) + M1(2)u(2) + -+ Ml(s)u(s) = )(17

MM u® 4 MPu® 4 MU = X, (20.)

MOu® £ M@y Lo f MOy — X,

and here, if m(® denotes the degree of u(?, M,gi) is of the order p —m(). If we
now substitute in these equations for the x values which indeed satisfy singly
the equations X; = 0, Xo =0, ... X = 0, but form no system of values belonging
together and satisfying the given equations, then in (20.) the left-hand sides
vanish, but not the u, and the determinant of the M must therefore vanish.
Let us now differentiate the equations (20.) with respect to the various z, and
then substitute systems of values belonging together. From the differentiation
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of the i*" equation we obtain the system?

(1) (2) (s)
WOu U e Out

M= h =
L dm b Oy boO0n ’
1) (2) ) (s)
MO @O 00
Y Oxg ' Oz " dxa

(s) o) _ 0X;

WD ) ou

M e M =
' Oxy o Oxy + + M ox; Ox;’
1) (2 ()
i ou e ou T Mi(S) Ju _o,

v Oz Y Oz 0xg

and, if R is the functional determinant of the u, by solution:

Py _ 0Xi OR
T e
al‘i

If therefore one now forms the determinant A of the M for such a system of the
x belonging together, there is found:
A 10Xy 90X 00X,
" R Oxy Oxy T Oxs
Meanwhile one has, by the ordinary rules of decomposition into partial frac-
tions:

(21.)

A A 1
X1 Xo... X, 0X10Xy  0X | 2y —afwo—ah. .25 — 2]
Oxr1 Ora  Oxs

where 2/, x4, ..o/, denote any roots of X; =0, Xo = 0, ..X; = 0 which are to
be put in the bracketed expression for x1, 2, ..xs, and where the sum relates to
all possible combinations of these roots. Now, by the foregoing, the bracketed

expression is 0 or equal to the corresponding value of ik according as the z’

form a system belonging together or not.? If we therefore denote the systems
belonging together by upper indices 1, 2, ...u, one has

A h=p 1

EE Tl DY
X1Xo... Xy n=1 R g, — zgh).l,2 _ zgh) ]

. (22.)
L Xg — xgh)

2Editorial note: The second row of the system below is printed with a roman d in its
last denominator, Bu(s)/ch‘g. Every other denominator in the system has 0, and a partial
derivative is what the differentiation requires. Kept as printed.

3 Editorial note: Printed so. By equation (21.) and by the argument just above it, the
bracketed expression equals 1/R when the z’ DO form a system belonging together and 0
when they do not, so the two alternatives are paired the wrong way round. Kept as printed.
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The formula can, in accordance with a remark of Jacobi, be applied to determine

the values of the sums
h=n ay o as\h
Y (2tag? . xle)
h=1
where none of the exponents « vanishes. For let us multiply (22.) by any
function Q of 1, @9, ..xs. Let the value of Q for the A*" system belonging

together be Q"); one has then
Q= Q(h) + A1(£E1 — Igh)) + AQ(IQ — Iéh)) e

If therefore one restricts oneself to those terms which, developed according to

descending powers of the z, contain negative powers of all the z, then one may

put on the right in (22.), under the summation sign, Q") instead of Q. And if
AR

m agrees with

one finally puts 2 = R, one finds that the expansion of

the expansion of the sum

h=p 1

h H
h=1 g, fx(l ).xg fazéb)...xs

D)

in all those terms which contain negative powers of all the x; that therefore

E‘: (=) () ()™

is equal to the coefficient of x7* t.axy; 2™ . . x7* 1 in the expansion of
AR .

—————, as soon as none of the a vanishes.

X1Xo... X

In the formula (22.) A is of the order
sp—m®M —m® .. )

while the denominator X7 X5 ... X, is of the order su. If therefore one expands
on the right in (22.) according to descending powers of the z, then the sums of

the coefficients of z7* ~*.z5; %271 .. 27 %! vanish, i. e. the sums
h)\ h)\ 2 h)\ %
o () () (o)
= R !

as soon as a1 +ag + - +ay < m® +m®@ 4+ ...+ m — s And one has
therefore the theorem:

If R is the functional determinant of the s functions of the m(M™, m(2th,
™ degree uM | w2 _ul®) with respect to the variables 1, x2, ..xs, and if
F is any function of the x which does not exceed the degree m™ +m® ... 4+
m(®) —s—1, then the sum of the values of %, taken for all the systems of values

of the x which satisfy the equations
uM = 0, u? = 0, e u® =0



vanishes®) .
. Yi Y2 Ys .
Let us finally let x1, x2, ..xs pass over into =—, ==, .. and the u into

y oy
homogeneous functions v of these s+ 1 variables, divided by the corresponding
powers of y. If then D is the functional determinant of the v with respect to y1,

Y2, Ys, one has also
D

R= ym(1)+m(2)+..4+m(s)7s;

and since F' too passes over into a homogeneous function ® divided by y
one obtains the formula

Dy
0=%—.
D
Since now the equations subsist:*

vV v v 0
y@y + o +“.+y587ys_ )
ov@ ov@ v 0
yay + Y2 o +"'+ysTyS— )
(s ov(®) (s 0
y@y +y28 +"+ysas =0,

*) For three equations Jacobi has communicated this theorem without proof.
Volume 15, of this Journal pag. 307.
we have the proportion

Yy :...:ys=D:Dy:...: Dy,

where D; denotes the functional determinant of the v with respect to the y with
the exclusion of y;, and with suitably chosen sign. It is therefore also the case

that
y _ ¢y +cryr + -+ CsYs

D ov® 9v@  Gys)’
oy Oya Oy
whatever values may be assigned to the ¢. And finally one has the theorem
which is the lemma applied above itself:
If v, v 0) are homogeneous functions of y, y1, ..ys of the orders mq,
Mma, ..ms, and if ® is a homogeneous function of the order m™ +m®? 4+ ... 4+
m(®) — s — 1, then the sum of the expressions

Y+e

(I).(Cy + C1Y1 + -+ csys)
v Hp@ v’
o . 0y2 0y

c

4 Editorial note: Rows 2 and 3 below are printed with the coefficient yo on the second
term. FEuler’s relation for a homogeneous function, of which row 1 is the pattern, pairs y;
with dv/dy1, so y1 is what the argument requires. Kept as printed.
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formed for all the systems of values of the y which satisfy the equations v(Y) = 0,
v =0, .0 =0 simultaneously, always vanishes.

§. 14.

Determination of the constants, and converse of the theo-
rem on the points of a curve of the mnt" order which lie on
a surface of the k" order.

Let us return to the complete and non-resolvable curve of section of the surfaces
u =0, v =0 of the m*™ and n*® order. Let the everywhere finite integrals corre-
mn(m+n—4
sponding to any point of the curve again be uy, ug, ..up | p = % + 1) ,
and let them be distinguished for different points by upper indices.
For the mnk points of intersection of the curve with a surface of the k*®
order, w = 0, one has then, by the foregoing:
ugl) + ’LL(12) 4y ugmnk) =,

mnk
uS) 4 ul 4 ulm = (23.)

ul® +ul® ) =

where the v depend only on the order of w. Since further the surface of the nt®
order® can appear as a system of k planes, one obviously has

v; = k.c;, where the ¢ correspond to the intersection of a plane with the
curve. Finally (cf. §. 3) these constants are zero when w passes over into a
function ©, hence for K = m + n — 4, and they are therefore zero in general.
And one has the theorem:

The sums of the corresponding everywhere finite integrals, extended over the
points of intersection of an algebraic surface with the given curve, are equal to
zero.

According to Jacobi (this Journal vol. 15, p. 305), of such mnk points of a
given curve of section of two surfaces of the m*™ and n*® order as can lie on a
surface of the k*" order, a certain number is always determined by the rest; and
indeed the number of those determined by the rest is, when

kZm+n-—3, k=m, k=n,

exactly equal to p. But if £ < m +n — 3, this number becomes smaller, namely
equal to
m+n—k—1lm+n—k—2m+n—~k—3
_ 5 ,
5 Editorial note: Printed n'®*. It is the cutting surface w = 0, of order k, that is allowed to

degenerate, and the same clause counts k planes, so k%" is what the argument requires. Kept
as printed.

p
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so long as k remains greater than the numbers m, n; it is equal to
E+1k+2k+3 k—-n+lk—n+2k—-—n+3
LS bt

when m > k 2 n — 3, and equal to

mnk

mnk

E+1kE+2E+3

when k is smaller than both numbers. From this it appears that, if k =2 m+n—3,
the number of the equations (23.) is exactly equal to the number of the points to be
determined by means of them, which, besides a number to be chosen arbitrarily,
can lie on a surface of the k™ order; and that, if k < m +n — 3, the number of
those equations is greater, in particular for k =m +mn — 4 greater by 1, without
their being able on that account to cease to be compatible.

Let us now remark that, by Abel’s theorem, the differential equations

L

dul? + dul® + -+ du{™™ =0,

du§? + duS? + -+ duS™™ =0,

du:f,l) + duz(f) +--- 4 duz(,m"k) =0

admit of complete algebraic integration; we then see that in particular these
algebraic integrals must, by means of a suitable determination of the constants
contained in them, be capable of being brought to express the conditions under
which mnk points of the curve lie on a surface of the k" order. Since now
the suitable determination of these constants has just been accomplished in
the transcendent form of the integral equations, one can set up the converse
theorem:

As soon as between the everywhere finite integrals, formed in accordance with
the conditions set up by Mr. Riemann, the equations subsist:

uD 4y g
uS) +ul - ud™ =0,

(24.)

D u® ) =,

the corresponding mnk points of the curve lie on a surface of the k™ order.

§. 15.

Contact surfaces which pass through given points of the
curve. Systems of contact surfaces.

The problems which were treated earlier in the case of plane curves can now be
carried through in an entirely similar way in the case of space curves.
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Let k = m+n — 3; on the curve of the mn' order let mnk — pr points be
given arbitrarily; through them one is to lay a surface of the k" order® which
touches the curve at p points with r-point contact.

( :mn(m—;n—ll) +1)'

*) If k = n, k < m, then the surface of the £*® order becomes indeterminate
in so far as every surface of the k" order which passes through its section with
the surface of the n*" order satisfies the same conditions. In this case one may
therefore speak, instead of the surface of the k'™ order, of the space curve of
the kn'™ order, which remains constant under such changes, and may assign to
it the properties which are demanded of the surface of the k" order. If on the
other hand k is also 2 m, then every surface which passes through the points
of intersection of the three surfaces of the m', n'*, k*® order has the required
properties. In this case, therefore, one has to do only with a determinate system
of points, which forms the common element of a bundle of surfaces.

The number of the conditions contained in the problem is

mnk — pr + p(r — 1) = mnk — p.

If we add that, by the foregoing, p conditions occur for the mnk points of
intersection of a surface of the k' order with the curve, one sees that the
problem is both determinate and soluble. But only the points of contact are
really determinate under all circumstances; the surface of the k' order itself
may, according to the magnitude of k, remain more or less arbitrary.

Let the sums of integrals corresponding to the given points of intersection
now be Uy, Us, ..Upy; those corresponding to the sought p points of contact be
v1, U2, ..vp. The equations (24.) then pass over, for the present case, into:

rvy = —Uy,
rvg = —Us,
rv, = —Up,
or into:
Ur A
v = —— + —,
r T
Us Ay
Vg = —— + —,
r r
_ U 4
vp=—— + —.
r T

The p points of contact are therefore determined by an equation of the pt®
degree, whose coeflicients are #-functions with the arguments v. The latter
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contain the 2p numbers m, ¢ in the A, and since to each of these all values from
0 to r — 1 may be assigned, the number of all solutions of the problem is:

,],.217 — ,],.mn(m+n—4)+2 )

One can here institute considerations similar to those in §. 4, and finds the
theorem:

If one lays a surface of the k™ order through r — 1 systems of points of
contact and through the given points, then it cuts the given curve at p points
at which a surface of the k™ order passing through the given points touches the
curve.

Of the r — 1 systems several may coincide, in which case the surface of the
kth order first mentioned must touch at such points.

Of the given points, u times r may themselves come together in such a way
that at them the surface sought likewise touches with r-point contact. Then the
surfaces considered touch at (p + u) points with r-point contact, and besides
pass through mnk — (p 4+ p)r given points.

If we let only the latter be given, then the problem obviously becomes in-
determinate, and p points of contact can always be chosen arbitrarily, in which
case the problem still admits in each instance of r2? solutions.

Herewith arises the notion of a system of contact surfaces. By continuous
alteration of the p points of contact that may be chosen, one can derive contin-
uously from one contact surface infinitely many; but only those for which the
system of the A is the same. If therefore we designate as a system of contact
surfaces those which can be derived from one another by continuous passage,
then one has the theorem:

A curve of the m.n'" order admits of r systems of contact
surfaces of the k' order, which touch the curve at p + p points with r-point
contact, and besides pass through mnk — (p + p)r points given on the curve;
where k 2 m +n — 3 is presupposed.

And concerning them one has (cf. §. 5.) the following theorems:

The points of contact of any r surfaces of the same system lie on a surface
of the k" order which passes through the fized points.

If one lays a surface of the k'™ order through the given points and through
r — 1 systems of p+ p points of contact each, which may belong to the same or
to different systems, it still always meets an r*" system of points of contact.

Of particular interest is the case where mnk is divisible by r. In this case
one can let all the points of intersection of the surface of the k' order with the

mn(m+n—4)+2

.., mnk . .
curve draw together, r at a time, into points, and one then obtains systems

r
of contact surfaces which touch the given curve with r-point contact wherever
they meet it. These systems are important in this, that they depend only on
the nature of the curve itself, no longer on the position of a system of points

mnk
arbitrarily chosen upon it. The p+ p = integrals u;, which correspond to

the points of contact are here determined
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by equations of the form:

( mnk )
T

ugbl)—i-ugbz)—i-u-—i—uh E%.
From this one deduces, as in §. 6, the theorem:

Ifk 2 m+4+n—3 and mn = (p+p)r, then there are systems of surfaces of the
k" order which touch the curve of the m.n' order at p + p points with r-point
contact. The number of the systems is r*P when k and r are relatively prime;
if on the other hand k = k's, r = 1's, and k', v’ are relatively prime, then the
number of the systems is r?P — r'?P,

Theorems on the position of the points of contact one obtains as is indicated
in §. 6.

§. 16.

Contact surfaces which exist only in finite number.

Among the problems just treated some are distinguished by the property of
being completely determinate.
If K 2 m +n — 3 and mnk = pr, then one has before one a surface touching

at p points with r-point contact, whose points of contact at least are perfectly

mn(m +n — 4)

determinate. Now the numbers mn and p = + 1 can have only

the factor 2 in common, and this too only when one of the numbers m, n has
the form 4h + 2 while the other is odd. In this case one puts

P mn
S, T =—1.5,

k==.
2

in every other
k=p.s, r=mn.s,

and one obtains, by the theorems of the previous §., for the problems in question,
whose solution lies at hand, the following determinations:

For a curve of the m.n'" order there are n?(s* — 1) contact surfaces of
the order p.s which touch at p points with mn.s-point contact. Only when one
of the numbers m, n is of the form 4h + 2 and the other is odd are there

2p
(g) (s2P — 1) contact surfaces of the order g.s which touch at p points with

mn . 6
-5 .s-potnt contact.

Concerning the mutual position of the systems of points of contact analogous
theorems hold as in the case of the systems of contact surfaces.

n\ 2p
6 Editorial note: Printed n2P and (5) . The curve here is of order m.n, not n, and the
theorem of §. 15 that this specializes gives the count as a power of the number of systems,
mn\ 2p
so (mn)?P and (— are what the argument requires; the n?? of the corresponding plane

theorem in §. 7, where the curve really is of order n, appears to have been carried over. Kept
as printed.
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But to these problems there come others which are likewise completely de-
terminate, and remarkable in this, that for n = 1, m = 4 the double tangents
of the curves of the fourth order appear as a special case. For if k <m +n — 3,
but at the same time k is equal to or greater than the numbers m, n, then by
§. 16 the [number] serving for the determination of the points of intersection of
the surface with the curve is equal to

7m+nfk71.m+n7k72.m+nfk73
6

p

In order that a surface of the n*® order shall touch with r-point contact every-

-1
! conditions are to be fulfilled. This

number becomes equal to the previous 07;16, and hence the problem completely

determinate, when r = 2, k = m +n — 4. And one has therefore the theorem:
The curve of the m.n'™ order can be touched by a determinate number of

mn(m+n —4)

where where it meets the curve, mnk.

surfaces of the order m+n—4 at points with two-point contact.

This is still correct even when, what was at first excluded, k = m +n — 4
becomes smaller than one of the numbers m or n. For if n = 2 or n = 3, one
has k =m — 2 or k =m — 1. By §. 16 the equation

k+1k+2k+3 k—-n+1lk—m+2k—n+3 mnk
- + +1=—-
6 6 2
must, in order that the above theorem may then still remain correct, hold, which
is really the case.

The points of contact of such a surface are found, like the points of contact

of the curves in §. 8, from the equations

mnk

_ A
w4 = 28
_ A
uél)—&-ug)—&-'“—f-uép D= 22’
A
u1()1)+u1()2)+...+uép—1)57p,

which can subsist only when between the numbers m, g contained in the A the
relation subsists:

miqr +mMaqa + -+ mpgp = 2h + 1.

From this one finds, by the mode of reasoning of the § cited:
The number of these contact surfaces is:

2mn(m2+n—4) {217171(1712«#1174) +1 _ 1} )

On the mutual position of the systems of points of contact cf. §. 8. In particular
there is found here, similarly as there, the theorem:
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mn(m +n — 4)
2

k™ order which, for even m +n, are of even order, for odd m +n of odd order,

and which touch the curve of the m.n'™ order with two-point contact everywhere

where they meet it, there are always 2°P~1(2P — 1) systems in which the points

of contact of every surface lie, together with those of a determinate one of the

contact surfaces of the (m +n —4)" order treated just now, on a surface of the
k+m+n—4,

Among the 2%P (p = + 1) systems of contact surfaces of the

" order; and there are, when m +n is even, 2P71(2P + 1) — 1,
when m +n is odd, 2P~1(2P + 1) such systems in which the points of contact of
k+m+4n—4

a surface never lie on a surface of the order 5

§. 17.

Curves of the fourth order which form the section of two
surfaces of the second order.

The simplest complete space curves are those of the fourth order which form
the intersection of two surfaces of the second order. For these p = 1; they
therefore lead to elliptic functions, of which one convinces oneself also by direct
consideration of the everywhere finite integral. Four points which lie in a plane
then satisfy, on a suitable determination of the initial value of that integral, the
equation:

u +u® 40 4@ =0,

Instead of the systems of moduli A one may here put the quantities 2a K +2b:K".
First, then, by setting the quantities u all equal to one another, one finds the
points at which a plane can touch with four-point contact, from the formula:

20K + 2biK'
— 1

u (25.)
The numbers a, b may receive the values 0, 1, 2, 3; the number of such points
is therefore 16, as is known. For one of them a = 0, b = 0, hence also u = 0;
the lower limit of the integral u is therefore to be so chosen that for the point of
contact of an inflexional tangent plane the integral vanishes.

If one lets only three of the u become equal to one another, one has an
equation of the form:

u+3u =0,
o 2aK + 2biK’
+
’U/E—g—f-%, (26)

whence the theorem follows:
Through every point of the curve of the fourth order one can lay nine oscu-
lating planes to the curve.
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Among these the osculating plane at the point itself is not included.”
If one lets only two of the u become equal to one another, one has

u+u 20K +2biK’'

"= _ 27.

i e.
Through any two points of the curve four tangent planes to it can be laid.
If the other u also become equal to one another, one has a doubly touching
plane, and for the points of contact®

wtl — 20K + 2biK’7 (28.)
2
i.e.

There are four systems of planes which touch the curve twice, and through
every tangent there passes a plane of each system.

If one adds the four arguments u” which spring from the equation (27.), one
finds their sum equal to —2(u + ), i. e.

Through any two points of the curve and the points of contact of the tangent
planes laid through them to the curve, a family of surfaces of the second order
can be laid which touch the curve at the given points.

Of the 9 points (26.) at which an osculating plane laid from a given point
can touch the curve, three lie with the given one in a plane as often as the sums
of the corresponding a and of the corresponding b are divisible by three. With
regard to the representation of the points of inflexion of a curve of the third
order given by me pag. 111 of this volume, one can express these relations by
the following theorem:

If one joins a point of the curve of the fourth order with those 9 points at
which an osculating plane laid from it

can touch the curve, and if one cuts these 9 rays by any plane, then one
obtains a system of points which can be the system of points of inflexion of a
curve of the third order.

Further:

As often as three of these 9 points lie with the given one in a plane, the other
6 lie on a family of surfaces of the second order which touch the curve at the
given point.

All 9 points lie on a family of surfaces of the third order which touch the
curve at the given point with three-point contact.

Let us further consider the mutual position of the points of contact of the
inflexional tangent planes, which are given by the formula (25.). If we denote
any one of those 16 points, corresponding to the coefficients a, b, by (a,b),

7 Editorial note: Printed Schwingungsebene, the plane of oscillation. The sentence before it,
the sentence after it and the mathematics all require Schmiegungsebene, the osculating plane.
The transcription keeps the misprint; this translation renders the word the sense requires.

8 Editorial note: Equation (28.) is printed with a two-bar =, where (25.), (26.) and (27.)
all set the three-bar =. These are congruences with respect to the periods, not equations, so
= is what the argument requires. Kept as printed.
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then obviously, because the corresponding u are together congruent to 0, (a,b),
(a+2,b), (a,b+2), (a+2,b+2) lie in a plane. Further, the sum of any two
of the integrals belonging to such four points, multiplied by 2, is also congruent
to 0. One has therefore the theorems:

The 16 points of contact of the inflexional tangent planes divide into four
groups of four. Any four points of the same group lie in a plane; and the tangents
at any two points of the same group lie likewise in a plane, so that four such
tangents intersect at the same point.

As is known, those four planes are those of the polar tetrahedron common
to the two surfaces, and the points last mentioned are its vertices.

§. 18.

Space curves of the sixth order.

The theory of the curves of the sixth order which are the complete intersection
of surfaces of the second and third order attaches itself essentially to the theory
of the triply touching planes, which play for them almost exactly the same part
as the double tangents for the plane curves of the fourth order. For these curves
one has p = 4; the conditions, therefore, that 6 points of the curve lie in a plane
are contained in the equations

g 4o =0,

u§1)+u§2)+~~+u(26) =0,
) O R =)
ugll)+u4(12)+~-~+u516) =

Triply touching planes one obtains when three times two systems of the u

coincide, that is when
), +up +uy = %
The conclusion of §. 16 then leads at once to the following theorems:

There are 120 planes which touch a space curve of the sizth order at three
different points.

If one lays a surface of the h™" order through any three points of contact of
such a plane, then it cuts the curve further at 6h — 3 points at which the curve
can be touched with two-point contact by a surface of the (2h — 1) order. One
thus obtains 120 systems of contact surfaces of the (2h — 1)™ order. There are
136 others of them, whose points of contact never lie on a surface of the h**
order. But all 256 systems have the common property that the points of contact
of any two surfaces of the same system lie on a surface of the (2h — 1) order.

Further:

There are 255 systems of surfaces of the second order which touch the curve
of the sizth order at 6 different points; the points of contact of any two surfaces
of the same system lie on a surface of the second order.
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In each of these systems there occur 28 surfaces which break up into pairs of
triply touching planes. The 12 points of contact of any two such pairs lie on a

family of surfaces of the second order, i. e. on a space curve of the fourth order.

255.28.27
Of such space curves of the fourth order there are accordingly i

But since a system of four planes can be divided into two pairs in three ways,

every curve of the fourth order is thereby counted three times. The actual

255.28.2
number of these curves of the fourth order is therefore 255.28.27 = 32130.

Since all 360 points of contact can be distributed in several ways among 30
surfaces of the second order (space curves of the fourth order) in such a way
that no point lies on more than one surface, all 360 points of contact lie on a
family of surfaces of the sixtieth order, and are the complete intersection of the
same with the curve of the sixth order.

In order that 12 points of the curve of the sixth order shall lie on a family
of surfaces of the second order, or on a space curve of the fourth order,

the equations

u,(cl) + u,(f) 4+ 4 u}(€12) =0

must be fulfilled. If one lets three points coincide four times over, then the
integrals which have remained different result from equations of the form
ug +u), +uy +uy = %,

according to which the points are in each case determined by means of an
equation of the fourth degree. One has therefore the theorem:

There are 3% = 6561 space curves of the fourth order which touch the space
curve of the sixth order at four different points with three-point contact.

And:

If one lays a surface of the second order through the points of contact of two
such curves, then it cuts the curve of the sixth order further in the points of
contact of a third contact curve.

§. 19.

Extension of a problem of Steiner.

In the foregoing exclusively problems of contact have been treated, and it has
been shown how their solution presents itself in the simplest way by means of
the Abelian functions. I shall now investigate yet another very general problem;
a problem whose most special case has been treated by Steiner, and of which I
have given on p. 94 and following of this volume an analytical solution which
likewise rests essentially on the principles here set forth. This general problem
runs as follows:

Given are r groups of mnk — pf points each of a curve of the mn'" order
(k = m—+n—3); sought are v systems of p points each upon it, in the following
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manner. A surface of the k™ order shall pass through the points of the first
group and the first f — 1 systems; it is thereby completely determined, and its
remaining points of intersection with the curve form the f* system. A second
surface of the k™ order shall pass through the second group and through the
ond grd - fth system; it determines the f + 1™ system. In this way one is to
proceed, so that in succession r surfaces of the k™ order are formed, and so
that the series of the systems closes, in that after the r** system no new one is
generated any more, but again the first, after this the second, and so on.

One obtains the corresponding problem for the plane by merely putting
n = 1.

Let us denote the sums of integrals corresponding to the groups by wy,
those corresponding to the systems by vy, distinguishing the various groups and
systems by upper indices. The statement of the problem is then contained in
the following equations:

o® 1 o® 4 o) = ),

o® 4 o® 4D = @) »

v,(:) + v,(Cl) + -4 v,(cffl) = —w,(:).

In order to facilitate the solution of these equations, which are linear in the v,
I shall understand by v,ih) a quantity v, even when the index h exceeds the
value 7; and indeed v,ih) shall then denote that v whose upper index remains as
remainder on the division of A by r. From the above equations there are then
first deduced the following, in which h denotes an arbitrary index:

w,(ch—H) — w,(ch) = v,(ch) — v,(cf+h);
hence also: \ )
EO {w£h+1+xf) _ w}(ﬂth)\f)} = ,U](Ch) - U}(Cthsf)' 2.)

Now one remarks that two cases must be distinguished. For if f and r are
not relatively prime, so that say

f=gf, r=gr,

where f’, v’ are relatively prime, then on the right-hand side there stands zero
as soon as one makes s = r’. One is then led to conditions between the v, and
can enunciate the following theorem:

If f, v are not relatively prime, but f = gf’', r = gr', where f', ' are
relatively prime, then the above problem is possible only when the p(g — 1)
conditions are fulfilled:
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wl(cl) —+ w(‘f+1) 4+ .-+ wl(c(rlfl)f“rl)

k
= w](c2) _|_ w](gf+2) _|_ e + w((rlfl)f+2)

i (3.)

— w}(cg) 4 w}(€f+g) 4ot wl(e(r/—l)f-irg);
and when these equations are fulfilled, the problem admits of infinitely many
solutions, since the first f — 1 systems can be chosen quite arbitrarily.
If on the other hand f, r are relatively prime, then by means of the equation

(2.) one can express all the vy by any one of them, and obtains:
s A=s—1
’U,Eh+ = U}gh) 4 EO {w’(ch+>\f) _ w}(€h+1+)\f)}. (4.)

If we now add all the equations (1.), there is found
[Xup = —Xwy,

or, if Ywy = 2, is put, and one remarks that all the v must, by (4.), contain
the same submultiple of the periods, and their sum therefore r times such a one:

z rA
o ol ) = T2

If we substitute in this equation the values of the v obtained above in (4.), there
comes:

s=r—1A=s—1 z rA
ro® 4 DI, (wl(cth) _ w,(ch““f)) = _7'@ + 7’6

A=r—2
= rv,ih) + )EO (r—=Xx-1) (w,(cth)‘f) - w,(vh+1+”\f)) .

If therefore one finally introduces the notation:

z,gh) =(r— 1)w,(€h) +(r— 2)w,(ch+f) 44 1.w,ih+(r72)f) (5.)

)

there results:
Z](Cthl) _ Z](gh) Ak ;
o " + 7 (6.)

By this formula the solution of the problem is completely given, since from
the values of the v found one calculates the points of the systems by means of
equations of the p*" degree. Since in the A the numbers m, ¢ may receive all
values from 0 to f — 1, one obtains the result:

If f, r are relatively prime, then the problem is soluble in 2P ways.

This problem Steiner has not treated loc. cit.; but he has treated, for plane
curves of the third order (p = 1), a particular case of the problem recognized
above as indeterminate. For one may lay down that the r = gr’ groups shall
not all be different, but that only ¢

U](Ch) = ka
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different groups exist, which are used r’ times in succession in the same
order. One may further lay down that the number of the points of each group
be equal to p, as in the systems, so that

mnk = p(f +1).

Similarly as in §. 16 there then results

kzg.s, f:7.8_17

when one of the numbers m, n is of the form 4h + 2 and the other odd; and
k = ps, f=mns—1
in every other case. The equations (3.) then pass over into:

(2)

!
Wy

(9)

(1) — .
E= ...:T.wk,

!
T.w

and if therefore the first group is assumed arbitrarily, then the points of the
remaining groups are determined, in accordance with the equations

A
w,(f) = w,(cl) + Tk

A(Q*Q)
wI(CQ) = w’(cl) + k’r/

by just as many equations of the pt* degree. In these equations the values 0, 1,
..r’ —1 may be assigned to the numbers m, g occurring in the A; yet so that two
systems of the A with unequal upper indices never become equal. The number
of all possible series of groups belonging to a given one is therefore:

PP 1P 2 P (g —1)
1.2...(g—-1)

Among these solutions of the problems there are, however, if r’ is not a prime
number, also such as those in which the circle of surfaces closes earlier than after
an r’-fold use of all the groups, and which therefore count for the problem in
hand only in so far as the series of surfaces thereby formed is reckoned several
times.

This is the immediate extension of the Steiner problem cited, which, as one
sees, occurs for all plane and doubly curved curves, and in all cases, by the
principles here developed, is solved with

ease. For the mutual position of the groups of points obtained from the
individual solutions there exist theorems similar to those which I have developed
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with respect to the original Steiner problem in the memoir cited. A more exact
entering into these relations would lead too far here; it also seems as if, with
problems so general, it is chiefly the insight that their solution can be derived
in a determinate way from given principles which is of interest, and less the
development of the circumstances thereby occurring, which by the nature of the
case cannot be otherwise than prolix if it is to be in any degree exhaustive. —
I take this opportunity to add a remark with respect to my memoir ,,iiber eine
Classe von Gleichungen, welche nur reelle Wurzeln besitzen® (vol. 62, p. 232 of
this Journal). Equations of the kind considered have already been investigated
earlier by Hermite in the Comptes Rendus of the Paris Academy, 1855, second
semester, where their property of possessing only real roots is found stated.
Giessen, 28 October 1863.
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