
Mathematical Analysis. — On the integrals of al-
gebraic total differentials. Note by M. E. Picard,
presented by M. Hermite.
«Consider an algebraic relation between three variables x, y, z. We perform on
x, y, z an arbitrary homographic substitution, and let, denoting the variables
by the same letters,

f(x, y, z) = 0 (1)

be the new equation obtained, f being a polynomial of degree m. This equation
will define an algebraic function z of x and y. I consider the integral of a total
differential ∫ x, y

x0, y0

P dx+Qdy,

P and Q being rational functions of x, y, z and the condition of integrability
being satisfied.

»Among such integrals, unlimited in number, are there any that remain
finite for every finite or infinite value of the independent variables x and y?
This is what we shall investigate. Supposing that the surface (1) possesses only
ordinary singularities, that is to say that it has only isolated double points whose
tangent cone does not reduce to two planes and, in addition, double curves, the
two tangent planes at every point of the double curve being distinct. One will
recognize that, if such an integral exists, it is necessarily of the form∫ (x, y, z)

(x0, y0, z0)

B dx−Ady

f ′
z(x, y, z)

, (2)

A and B being polynomials of degree m − 2 in x, y, z taken simultaneously;
furthermore, B is only of degree m − 3 in x and z, and A of degree m − 3 in
y and z. One must, in addition, be able to find a third polynomial C, of order
m − 2 in x, y, z and of degree m − 3 in x and y. The polynomials A, B, C
satisfy the identity

A
∂f

∂x
+B

∂f

∂y
+ C

∂f

∂z
=

(
∂A

∂x
+

∂B

∂y
+

∂C

∂z

)
f(x, y, z). (3)

»The necessary conditions that we have just indicated are sufficient, adding
however that, in the case where there is a double curve, the surfaces

A = 0, B = 0, C = 0

pass through the double curve.
»Under these conditions, the integral (2) will have a finite and determinate

value for every simple point of the surface situated at a finite distance; it will
have an indeterminate, but finite, value for every isolated double point of the
surface, and it will be the same for the points at infinity.
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»One may substitute for relation (3) a more symmetric relation. The form
made homogeneous f(x, y, z, t), of degree m, must be such that one can find
three polynomials θ1, θ2, θ3, θ4 of order m− 3, satisfying the relation

θ1
∂f

∂x
+ θ2

∂f

∂y
+ θ3

∂f

∂z
+ θ4

∂f

∂t
= 0,

and one must have between these polynomials the relation
∂θ1
∂x

+
∂θ2
∂y

+
∂θ3
∂z

+
∂θ4
∂t

= 0.

»According to the preceding theorems, one will know how to recognize, given
an algebraic relation between three variables, whether or not there exist corre-
sponding integrals of the first kind, designating thus, by analogy, the integrals
that remain always finite. It is not here as in the case of algebraic curves; the
most general surface of degree m possesses no integrals of the first kind.

»We shall consider two integrals of the first kind as independent when they
are not functions of one another. Surfaces of the second and third order, being
unicursal, will possess no integrals of the first kind; it is among surfaces of the
fourth degree that one encounters the first surfaces with such integrals, and a
surface of the fourth degree cannot possess more than one integral.

»If the coordinates of a point of a surface are expressed by abelian functions
of two parameters u and v, and that in such a manner that to an arbitrary
point of the surface there corresponds only a single system of values of u and v
(leaving aside multiples of the periods), the surface will possess two independent
integrals of the first kind, and two only.

»Let us remark, in passing, that, as is well known, the coordinates of a point
of Kummer’s surface are expressed by abelian functions of two parameters u and
v, but the preceding remarks do not apply to it, for one easily recognizes that,
in this case, to an arbitrary point of the surface there correspond two systems
of values of u and v.

»The preceding results allow one to recognize, given a surface

f(x, y, z) = 0,

whether one can express x, y and z by abelian functions of two parameters, and
in the manner indicated above. There must exist two independent integrals of
the first kind, and two only; one will be able to form them; let us designate
them by ∫

P dx+Qdy and
∫

P1 dx+Q1 dy;

one will then have to study the system of two equations
P dx+Qdy = du,

P1 dx+Q1 dy = dv,

and we show how one will be able to recognize whether one can satisfy these
equations by single-valued functions x and y of u and v; if such is the case, x,
y and z will be abelian functions of these two parameters.»
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